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Abstract. Let ^ be a quasi-projective algebraic variety over a non- 
archimedean valued field. We introduce topological methods into the model 
theory of valued fields, define an analogue V of the Berkovich analytification 
yan p£ deduce Several new results on Berkovich spaces from it. In 

particular we show that V""" retracts to a finite simplicial complex and is 
locally contractible, without any smoothness assumption on V. When V 
varies in an algebraic family, we show that the homotopy type of V^" takes 
only a finite number of values. The space V is obtained by defining a topology 
on the pro-definable set of stably dominated types on V. The key result is 
the construction of a pro-definable strong retraction of V to an o-minimal 
subspace, the skeleton, definably homeomorphic to a space definable over the 
value group with its piecewise linear structure. 



1. Introduction 

Model theory rarely deals directly with topology; the great exception is the 
theory of o-minimal structures, where the topology arises naturally from an or- 
dered structure, especially in the setting of ordered fields. See |29j for a basic 
introduction. Our goal in this work is to create a framework of this kind for 
valued fields. 

A fundamental tool, imported from stability theory, will be the notion of a 
definable type; it will play a number of roles, starting from the definition of 
a point of the fundamental spaces that will concern us. A definable type on a 
definable set \^ is a uniform decision, for each definable subset U (possibly defined 
with parameters from larger base sets) , of whether x E U; here x should be viewed 
as a kind of ideal element of V. A good example is given by any semi-algebraic 
function / from M to a real variety V. Such a function has a unique limiting 
behavior at oo: for any semi-algebraic subset U of V, either f{t) G U for all large 
enough t, or f{t)^U for all large enough t. In this way / determines a definable 
type. 

One of the roles of definable types will be to be a substitute for the classical 
notion of a sequence, especially in situations where one is willing to refine to a 
subsequence. The classical notion of the limit of a sequence makes little sense 
in a saturated setting. In o-minimal situations it can often be replaced by the 
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limit of a definable curve; notions such as definable compactness are defined using 
continuous definable maps from the field R into a variety V. Now to discuss the 
limiting behavior of / at oo (and thus to define notions such as compactness), 
we really require only the answer to this dichotomy - is /(t) G t/ for large t 7 - 
uniformly, for all U; i.e. knowledge of the definable type associated with /. For 
the spaces we consider, curves will not always be sufficiently plentiful to define 
compactness, but definable types will be, and our main notions will all be defined 
in these terms. 

A different example of a definable type is the generic type of the valuation ring 
0, or of a closed ball B of K, or of V{0) where is a smooth scheme over 0. 
Here again, for any definable subset [/ of A^, we have v ^ U for all sufficiently 
generic v & V, or else v ioi all sufficiently generic f G where "sufficiently 
generic" means "having residue outside for a certain proper Zariski closed 
subset Zu of l^(k), depending only on U . Here k is the residue field. Note that 
the generic type of is invariant under multiplication by 0* and addition by 0, 
and hence induces a definable type on any closed ball. Such definable types are 
stably dominated, being determined by a function into objects over the residue 
field, in this case the residue map into ^(k). They can also be characterized as 
generically stable. Their basic properties were developed in some results are 
now seen more easily using the general theory of NIP, |18] . 

Let V be an algebraic variety over a field K. A valuation or ordering on K 
induces a topology on K, hence on K"', and finally on V{K). We view this 
topology as an object of the definable world; for any model M, we obtain a 
topological space whose set of points is V{M). In this sense, the topology is on 
V. 

In the valuative case however, it has been recognized since the early days of the 
theory that this topology is inadequate for geometry. The valuation topology is 
totally disconnected, and does not afford a useful globalization of local questions. 
Various remedies have been proposed, by Krasner, Tate, Raynaud and Berkovich. 
Our approach can be viewed as a lifting of Berkovich's to the definable category. 
We will mention below a number of applications to classical Berkovich spaces, 
that indeed motivated the direction of our work. 

The fundamental topological spaces we will consider will not live on alge- 
braic varieties. Consider instead the set of semi-lattices in K"-. These are 0"- 
submodules of isomorphic to 0^ © j{n~k some k. Intuitively, a sequence 
An of semi-lattices approaches a semi-lattice A if for any a, if a G A„ for infin- 
itely many n then a G A; and if a ^ MA„ for infinitely many n, then a ^ MA. 
The actual definition is the same, but using definable types. A definable set of 
semi-lattices is closed if it is closed under limits of definable types. The set of 
closed balls in the affine line can be viewed as a closed subset of the set of 
semi-lattices in K^. In this case the limit of decreasing sequence of balls is the 
intersection of these balls; the limit of the generic type of the valuation ring 
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(or of small closed balls around generic points of 0) is the closed ball 0. We also 
consider subspaces of these spaces of semi-lattices. They tend to be definably 
connected and compact, as tested by definable types. For instance the set of all 
semi-lattices in cannot be split into two disjoint closed definable subsets. 

To each algebraic variety V over a valued field K we will associate in a canonical 
way a projective limit V of spaces of the type described above. A point of V 
does not correspond to a point of V , but rather to a stably dominated definable 
type on V . For instance when V = , V is the set of closed balls of V] the 
stably dominated type associated to a closed ball is just the generic type of that 
ball (which may be a point, or larger). In this case, and in general for curves, 
V is definable (more precisely, a definable set of some imaginary sort), and no 
projective limit is needed. 

While V admits no definable functions of interest from the value group F, 
there do exist definable functions from F to A^: for any point a of A^, one can 
consider the closed ball -B(a; a) = {x : val(a — x) > a} as a definable function of 
a G F. These functions will serve to connect the space A^. In [13] the imaginary 
sorts were classified, and moreover the definable functions from F into them were 
classified; in the case of A^, essentially the only definable functions are the ones 
mentioned above. It is this kind of fact that is the basis of the geometry of 
imaginary sorts that we study here. 

At present we remain in a purely algebraic setting. The applications to 
Berkovich spaces are thus only to Berkovich spaces of algebraic varieties. This 
limitation has the merit of showing that Berkovich spaces can be developed 
purely algebrically; historically, Krasner and Tate introduce analytic functions 
immediately even when interested in algebraic varieties, so that the name of the 
subject is rigid analytic geometry, but this is not necessary, a rigid algebraic 
geometry exists as well. 

While we discussed o-minimality as an analogy, our real goal is a reduction 
of questions over valued fields to the o-minimal setting. The value group F 
of a valued field is o-minimal of a simple kind, where all definable objects are 
piecewise Q-linear. Our main result is that any variety V over K admits a 
definable deformation retraction to a subset a "skeleton", which is definably 
homeomorphic to a space defined over F. At this point, o-minimal results such as 
triangulation can be quoted. As a corollary we obtain an equivalence of categories 
between the category of algebraic varieties over with homotopy classes of 
definable continuous maps U ^ V as morphisms f/ — t- and a category of 
definable spaces over the o-minimal F. 

In case the value group is M, our results specialize to similar tameness theorems 
for Berkovich spaces. In particular we obtain local contractibility for Berkovich 
spaces associated to algebraic varieties, a result which was proved by Berkovich 
under smoothness assumptions [5]. We also show that for projective varieties. 
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the corresponding Berkovich space is homeomorphic to a projective limit of fi- 
nite dimensional simplicial complexes that are deformation retracts of itself. We 
further obtain finiteness statements that were not known classically; we refer to 
§ [13] for these applications. 

We now present the contents of the sections and a sketch of the proof of the main 
theorem. Section [2] includes some background material on definable sets, definable 
types, orthogonality and domination, especially in the valued field context. 

In § [3] we introduce the space V of stably dominated types on a definable set 
V. We show that V is pro-definable; this is in fact true in any NIP theory, and 
not just in ACVF. We further show that V is strict pro- definable, i.e. the image 
of V under any projection to a definable set is definable. This uses metastability, 
and also a classical definability property of irreducibility in algebraically closed 
fields. In the case of curves, we note later that V is in fact definable; for many 
purposes strict pro-definable sets behave in the same way. Still in § [3l we define a 
topology on V, and study the connection between this topology and V. Roughly 
speaking, the topology on V is generated by U, where U is a definable set cut 
out by strict valuation inequalities. The space \^ is a dense subset of V, so 
a continuous map V ^ U is determined by the restriction to V. Conversely, 
given a definable map V U, we explain the conditions for extending it to V. 
This uses the interpretation of \^ as a set of definable types. We determine the 
Grothendieck topology on V itself induced from the topology on V; the closure 
or continuity of definable subsets or of functions on V can be described in terms 
of this Grothendieck topology without reference to V, but we will see that this 
viewpoint is more limited. 

In the last subsection of §2] (to step back a little) we present the main result of 
|14] with a new insight regarding one point, that will be used in several critical 
points later in the paper. We know that every nonempty definable set over an 
algebraically closed substructure of a model of ACVF extends to a definable 
type. A definable type p can be decomposed into a definable type q on F", and a 
map from this type to stably dominated definable types. In previous definitions 
of metastability, this decomposition involved an uncontrolled base change that 
prevented any canonicity. We note here that the g-germ of / is defined with no 
additional parameters, and that it is this germ that really determines p. Thus 
a general definable type is a function from a definable type on F" to stably 
dominated definable types. 

In § m we define the central notion of definable compactness; we give a general 
definition that may be useful whenever one has definable topologies with enough 
definable types. The o-minimal formulation regarding limits of curves is replaced 
by limits of definable types. We relate definable compactness to being closed and 
bounded. We show the expected properties hold, in particular the image of a 
definably compact set under a continuous definable map is definably compact. 
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The definition of ^ is a little abstract. In ^we give a concrete representation 
of A*^ in terms of spaces of semi-lattices. This was already alluded to in the first 
paragraphs of the introduction. 

A major issue in this paper is the frontier between the definable and the topo- 
logical categories. In o-minimality automatic continuity theorems play a role. 
Here we did not find such results very useful. At all events in §2.71 we charac- 
terize topologically those subspaces of V that can be definably parameterized by 
r". They turn out to be o- minimal in the topological sense too. We use here in 
an essential way the construction of V in terms of spaces of semi-lattices, and the 
characterization in [13j of definable maps from F into such spaces. 

^ is concerned with the case of curves. We show that C is definable (and not 
just pro-definable) when C is a curve. The case of is elementary, and in equal 
characteristic zero it is possible to reduce everything to this case. But in general 
we use model-theoretic methods. We find a definable deformation retraction from 
C into a F-internal subset, the kind of subset whose topology was characterized 
in §2.71 We consider relative curves too, i.e. varieties V with maps f : V ^ U, 
whose fibers are of dimension one. In this case we find a deformation retraction of 
all fibers that is globally continuous and takes C into F-internal subset for almost 
all fibers C, i.e. all outside a proper subvariety of U. On curves lying over this 
variety, the motions on nearby curves do not converge to any continuous motion. 

§H] contains some algebraic criteria for the verification of continuity. For the 
Zariski topology on algebraic varieties, the valuative criterion is useful: a con- 
structible set is closed if it is invariant under specializations. Here we are led to 
doubly valued fields. These can be obtained from valued fields either by adding 
a valued field structure to the residue field, or by enriching the value group with 
a new convex subgroup. The functor X is meaningful for definable sets of this 
theory as well, and interacts well with the various specializations. These criteria 
are used in ^to verify the continuity of the relative homotopies of ^ 

§21 includes some additional easy results on homotopies. In particular, for a 
smooth variety V, there exists an "infiation" homotopy, taking a simple point to 
the generic type of a small neighborhood of that point. This homotopy has an 
image that is properly a subset of V, and cannot be understood directly in terms 
of definable subsets of V. The image of this homotopy retraction has the merit 
of being contained in U for any Zariski open subset U of V. 

^TO] contains the statement and proof of the main theorem. For any algebraic 
variety V, we find a definable homotopy retraction from V to an o-minimal sub- 
space of the type described in §2.71 After some modifications we fiber V over 
a variety U of lower dimension. The fibers are curves. On each fiber, a homo- 
topy retraction can be described with o-minimal image, as in §3 above a certain 
Zariski open subset Ui of U, these homotopies can be viewed as the fibers of a 
single homotopy hi. The homotopy hi does not extend to the complement of f/i; 
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but in the smooth case, one can first apply an inflation homotopy whose image 
hes in Vi, where Vi is the puUback of Ui. IfV has singular points, a more delicate 
preparation is necessary. Let 5*1 be the image of the homotopy hi. Now a relative 
version of the results of §2.71 applies (Proposition I6.3.9|) ; after pulling back the 
situation to a flnite covering of U, we show that 5*1 embeds topologically into 
U' X r^. Now any homotopy retraction of U, flxing U' and certain functions 
into r™, can be extended to a homotopy retraction of Si (Lemma l6.3.12p . Using 
induction on dimension, we apply this to a homotopy retraction taking U to an 
o-minimal set; we obtain a retraction of to a subset 5*2 of 5*1 lying over an 
o-minimal set, hence itself o-minimal. At this point o-minimal topology as in [7j 
applies to 5*2, and hence to the homotopy type of V. 

In §10.71 we give a uniform version of Theorem llU.l.ll with respect to parame- 
ters. Sections [11] and [12] are devoted to some further results related to Theorem 

[Toxn 

Section [13] contains various applications to classical Berkovich spaces. Let V 
be a quasi-projective variety over a fleld F endowed with a non-archimedean 
norm and let V^^ be the corresponding Berkovich space. We deduce from our 
main theorem several new results on the topology of V^"^ which were not known 
previously in such a level of generality. In particular we show that V^^ admits 
a strong homotopy retraction to a subspace homeomorphic to a flnite simplicial 
complex and that V^'^ is locally contractible. We prove a flniteness statement for 
the homotopy type of flbers in families. We also show that if V is projective, V^^ 
is homeomorphic to a projective limit of flnite dimensional simplicial complexes 
that are deformation retracts of V^'^. 

We are grateful to Zoe Chatzidakis, Antoine Ducros, Martin Hils, Kobi Peterzil, 
and Sergei Starchenko for very useful comments. 

During the preparation of this paper, the research of the authors has been 
partially supported by the following grants: ISF 1048/07, ANR-06-BLAN-0183, 
ERC Advanced Grant NMNAG. 
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2. Preliminaries 

We will rapidly recall the basic model theoretic notions of which we make use, 
but we recommend to the non-model theoretic reader an introduction such as 

m- 

2.1. Definable sets. Let us fix a first order language L and a complete theory 
T over C The language C may be multisorted. If S is a sort, and A is an L- 
structure, we denote by S{A), the part of A belonging to the sort §. For C a set 
of parameters in a model of T and x any set of variables, we denote by Sx{C) 
the set of types over C in the variables x. Thus, Sx{C) is the Stone space of the 
Boolean algebra of formulas with free variables contained in x up to equivalence 
over T. 

We shall work in a large saturated model U (a universal domain for T). More 
precisely, we shall fix some an uncountable cardinal k, larger than any cardinality 
of interest, and consider a model U of cardinality n such that for every A G U of 
cardinality < k, every p in Sx{A) is realized in U, for x any finite set of variables. 
(Such a U is unique up to isomorphism. Set theoretic issues involved in the choice 
of K turn out to be unimportant and resolvable in numerous ways; cf. j6] or |15] . 
Appendix A.) 

All sets of parameters A we shall consider will be small subsets of U, that is 
of cardinality < k, and all models M of T we shall consider will be elementary 
substructures of U with cardinality < k. By a substructure of U we shall generally 
mean a small definably closed subset of U. 

If is a formula in Lc, involving some sorts §j with arity rij, for every small 
model M containing C, one can consider the set Z^{M) of uplets a in the cartesian 
product of the §j(M)"' such that M \= (p{a). One can view as a functor from 
the category of models and elementary embeddings, to the category of sets. Such 
functors will be called definable sets over C. Note that a definable X is completely 
determined by the (large) set X(U), so we may identify definable sets with subsets 
of cartesian products of sets §.j(I[J)"'. Definable sets over C form a category Defc 
in a natural way. Under the previous identification a definable morphism between 
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definable sets Xi(U) and X2(U) is a function Xi(U) — t- X2(U) whose graph is 
definable. 

By a definable set, we mean definable over some C. When C is empty one 
says 0-definable or 0-definable. A subset of a given definable set X which is an 
intersection of < k definable subsets of X is said to be oo-definable. 

Sets of U-points of definable sets satisfy the following form of compactness: if 
X is a definable set such that X(U) = Uig/Xj(I[J), with (Xj)jg/ a small family of 
definable sets, then X = UjgA-^i with A a finite subset of /. 

Recall that if C is a subset of a model M of T, by the algebraic closure of C, 
denoted by acl(C), one denotes the subset of those elements c of M, such that, 
for some formula (p over C with one free variable, Z^p{M) is finite and contains 
c. The definable closure dcl(C) of C is the the subset of those elements c of M, 
such that, for some formula if over C with one free variable, Z^(M) = {c}. 

If X is a definable set over C and C C 5, we write X{B) for X(U) n del (5). 

2.2. Pro-definable and ind-definable sets. We define the category ProDefc 
of pro-definable sets over C as the category of pro-objects in the category Def^ 
indexed by a small directed partially ordered set. Thus, if X = (Xj)jg/ and 

Y = {Yj)i(=j are two objects in ProDefc, 

HomproDefc (-^, Y) = |im linj Hompef^fX^, Yj). 

j i 

Elements of HomproOefc i-^y ^) '^i^ be called C-pro-definable morphisms (or C- 
definable for short) between X and Y. 

By a result of Kamensky [20], the functor of "taking U-points" induces an 
equivalence of categories between the category ProDefc and the sub-category of 
the category of sets whose objects and morphisms are inverse limits of U-points 
of definable sets indexed by a small directed partially ordered set (here the word 
"co-filtering" is also used, synonymously with "directed"). By pro-definable, we 
mean pro-definable over some C. Pro-definable is thus the same as ^-definable 
in the sense of Shelah, that is, a small projective limit of definable subsets. One 
defines similarly the category IndDefc of ind-definable sets over C for which a 
similar equivalence holds. 

Let X be a pro-definable set. We shall say it is strict pro-definable if it 
may be represented as a pro-object (Xj)jg/, with surjective transition morphisms 
Xj(U) — > Xj(U). Equivalently, it is a ^-definable set, such that the projection to 
any finite number of coordinates is definable. 

Dual definitions apply to ind-definable sets; thus "strict" means that the maps 
are injective: in a U, a small union of definable sets is a strict ind-definable set. 

By a morphism from an ind-definable set X = lin^ Xj to a pro-definable one 

Y = |im ,Yj, we mean a compatible family of morphisms Xj — )■ . A morphism 
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y — i- X is defined dually; it is always represented by a morphism Yj ^ Xi, for 
some j, i. 

Remark 2.2.1. A strict ind-definable set X with a definable point always admits 
a bijective morphism to a strict pro-definable set. On the other hand, if Y is pro- 
definable and X is ind-definable, a morphism Y ^ X always has definable image. 

Proof. For the first statement, fix a definable point p. If / : Xj — )■ Xj is injective, 
define g : Xj Xi by setting it equal to /^^ on Im(/), constant equal to p 
outside Im(/). The second statement is clear. □ 

Let Y = ^im Yj be pro-definable, and let X CY. The inclusion X Y yields 
maps X Yi, with image Xf, for any morphism i ^ i', we have maps Xj — )■ Xj/, 
forming a commutative diagram. We shall say X is iso-oo-definable if for some 
io, for all i and i' mapping to io (i.e. above io in the partial ordering), all maps 
Xj — )■ Xj/ are bijections. If, in addition, each Xj is definable one calls X iso- 
definable. Thus a set is iso-definable if and only if it strict pro-definable and 
iso-oo-definable. 

Remark 2.2.2. If above, all maps Xj — )■ Xj/ are surjections for i > i' > io, 
we call X definably parameterized. We do not know if definably parameterized 
subsets of the spaces V that we will consider are iso-definable. A number of 
proofs would be considerably simplified if this were true; see Question 17.2.11 for 
a special case. We mention two conditions under which definably parameterized 
sets are iso-definable. 

Lemma 2.2.3. Let W be a definable set, Y a pro-definable set, and let f : W ^ Y 
be a pro-definable map. Then the image ofW inY is strict pro-definable. If f is 
injective, or more generally if the equivalence relation f{y) = f{y') is definable, 
then f{W) is iso-definable. 

Proof. Say Y = |im Yj. Let /j be the composition W Y ^ Yi. Then /j is a 
function whose graph is oo-definable. By compactness there exists a definable 
function F : W ^ Yi whose graph contains /«; but then clearly F = fi and so the 
image Xj = fi{W) and /j itself are definable. Now f{Y) is the projective limit of 
the system (Xj), with maps induced from (Yj); the maps Xj — )■ Xj are surjective 
for i > j, since W — )■ Xj is surjective. Now assume there exists a definable 
equivalence relation E on Y such that f{y) = f{y') if and only if {y,y') G E. If 
{w, w') G W'^^E then w and w' have distinct images in some Xj. By compactness, 
for some io, if {w,w') G W"^ \ E then fio{w) 7^ fif^{w'). So for any i mapping to 
io the map Xj — Xj^ is injective. □ 



Corollary 2.2.4. X ^ Y is iso-definable if and only if X is in (pro- definable) 
bisection with a definable set. □ 
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Lemma 2.2.5. Let Y be pro-definable, X an iso-definable subset. Let G be a 
finite group acting on Y , and leaving X invariant. Let f : Y ^ Y' be a map 
of pro-definable sets, whose fibers are exactly the orbits of G. Then f{X) is 
iso-definable. 

Proof. Let U he a definable set, and h : U ^ X a pro-definable bijection. Define 
g{u) = u' if gh{u) = h{u'). This induces a definable action of G on U. We 
have f{h{u)) = f{h{u')) iff there exists g such that gu = u'. Thus the equiv- 
alence relation f{h{u)) = f{h{u')) is definable; by Lemma I2.2.3i the image is 
iso-definable. □ 

We shall call a subset X of a pro-definable Y relatively definable in F if X is 
cut out from F by a single formula. More precisely, iiY = ^im Yj is pro-definable, 
X will be prodefinable in Y if there exists some index Iq and and a definable 
subset Z of y^g, such that, denoting by Xj the inverse image of Z in Yi for i > io, 
X = lim. . Xi. 



Iso-definability and relative definability are related somewhat as finite dimen- 
sion is related to finite codimension; so they rarely hold together. In this ter- 
minology, a semi-algebraic subset of V, that is, a subset of the form X, where 
X is a definable subset of V, will be relatively definable, but most often not 
iso-definable. 

Lemma 2.2.6. (1) Let X be pro-definable, and assume that the equality relation 
Ax is a relatively definable subset of X"^ . Then X is iso-oo-definable. (2) A 
pro-definable subset of an iso-oo-definable set is iso-oo-definable. 

Proof. (1) X is the projective limit of an inverse system {Xj}, with maps : 
X — )■ Xci[i). We have (x, y) G Ax if and only if fi{x) = fi{y) for each i. It follows 
that for some (x,?/) G Ax if and only if fi{x) = fi{y). For otherwise, for any 
finite set Iq of indices, we may find {x, y) ^ Ax with fi{x) = fi{y) for every i G Iq. 
But then by compactness, and using the relative definability of (the complement 
of) Ax, there exist (x, y) G X^ \ Ax with fi{x) = fi{y) for all i, a contradiction. 
Thus the map fi is injective. (2) follows from (1), or can be proved directly. □ 

Lemma 2.2.7. Let f : X Y be a morphism between strict pro-definable sets. 
Then Imf is strict pro-definable, as is the graph of f . 

Proof. We can represent X and Y as respectively projective limit of definable sets 
Xi and Yj, and / by fj : Xc{j) — )■ Yj, for some function c between the index sets. 
The projection of X to Yj is the same as the image of fj, using the surjectivity 
of the maps between the sets Xj and fj{Yj) is definable. The graph of / is the 



Remark 2.2.8 (on terminology). We often have a set D{A) depending functori- 
ally on a structure A. We say that D is pro-definable if there exists a pro-definable 




image of Id x / : X -^^ (X x F). 



□ 
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set D' such that D\A) and D[A) are in canonical bijection; in other words D 
and D' are isomorphic functors. 

In practice we have in mind a choice of D' arising naturaUy from the definition 
of D; usually various interpretations are possible, but all are isomorphic as pro- 
definable sets. 

Once D' is specified, so is, for any pro-definable W and any A, the set of 
>l-definable maps W — >■ D' . If worried about the identity of D' , it suffices to 
specify what we mean by an A-definable map W ^ D. Then Yoneda ensures the 
uniqueness of a pro-definable set D' compatible with this notion. 

The same apphes for ind. For instance, let Fn{V,V'){A) be the set of A- 
definable functions between two given 0-definable sets V and V . Then Fn(y, V) 
is an ind-definable set. The representing ind-definable set is clearly determined 
by the description. To avoid all doubts, we specify that Fn([/, Fn(V, V')) — 
Fn(t/ X VX)- 

2.3. Definable types. Let L^^y be the set of formulas in variables x, y, up to 
equivalence in the theory T. A type p{x) in variables x = (,Ti, . . . , ,x„) can be 
viewed as a Boolean homomorphism from to the 2-element Boolean algebra. 

A definable type p{x) is defined to be a Boolean retraction dpX : ^x,yi,..., ~^ 
£jy]^,...,- Here the yi are variables running through all finite products of sorts. 
Equivalently, for a 0-dcfinable set V , let Ly denote the Boolean algebra of 0- 
definable subset of V . Then a type on V is a compatible family of elements 
of Hom(Ly,2); a definable type on V" is a compatible family of elements of 
Yiomw {Lvy<w-iLw)-i where Hom^^ denotes the set of Boolean homomorphisms 
h such that hiV x X) ^ X ior X QW . 

Given such a homomorphism, and given any model M of T, one obtains a type 
over M, namely p\M := {(p{x, 6i, . . . , 6„) : M |= {{dpx)ip){bi, 

The type p\lJ is Aut(I[J)-invariant, and determines p; we will often identify 
them. The image of 0(a;, y) under p is called the 0-definition of p. 

Similarly, for any C C U, replacing C hj Lc one gets the notion of C-definable 
type. If p is C-definablc, then the type p\l] is Aut(U/C)-invariant. The map 
M I—)- p\M, or even one of its values, determines the definable type p. 

If p is a definable type and X is a definable set, one says p is on X if all 
realizations of p\l] lie in X. One denotes by Sdef{X) the set of definable types on 
X. Let / : X — > Z be a definable map between definable sets. For p in Sdef{X) 
one denotes by /*(]?) the definable type defined by df_^(^p-){(f{z, y)) = dp{ip{f{x),y)). 
This gives rise to a mapping : Sdef{X) — )■ Sdef{Z). 

Let U he & pro-definable set. By a definable function U — >■ Sdef{V), we mean 
a compatible family of Boolean homomorphisms LyxWxu ~^ Lwxu, with h{V x 
X) = X for X <0 W X U. Any element u E U gives a Boolean retraction 
Lwxu Lw{u) hy Z Z{u) = {z : {z,u) G Z}. So a definable function 
U — > Sdef{V) gives indeed a [/-parametrized family of definable types on V. 
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Let US say p is definably generated over A if it is generated by a partial type of 
the form U(<^^6i)g5'P(0, 9), where S* is a set of pairs of formulas y), 9{y)) over 
A, and P(0,'^) = {(p{x,b) : 9{b)}. 

Lemma 2.3.1. Let p be a type overV. If p is definably generated over A, then 
p is A-definable. 

Proof. This follows from Beth's theorem: if one adds a predicate for the p- 
definitions of all formulas (f){x,y), with the obvious axioms, there is a unique 
interpretation of these predicates in U, hence they must be definable. 

Alternatively, let y) be any formula. From the fact that p is definably gen- 
erated it follows easily that {b : b) G p} is an ind-definable set over A. Indeed, 
6) G p if and only if for some (0i, 9i),. . ., {(f).m, 9m) e S, (3ci, ■ ■ ■ , Cm){9i{ci) A 
{\fx){/\i(f)i{x,c) =^ (j){x,b)). Applying this to -10, we see that the complement of 
{b : b) G p} is also ind-definable. Hence {b : b) G p} is A-definable. □ 

Lemma 2.3.2. Assume the theory T has elimination of imaginaries. Let f : 
X ^ Y be a C -definable mapping between C -definable sets. Assume f has finite 
fibers, say of cardinality bounded by some integer m. Let p be a C-definable type 
on Y . Then, any global type q on X such that f*{q) = p\lJ is a.cl{C)-definable. 

Proof. The partial type p\l]{f{x)) admits at most m distinct extensions qi, . . . , qg 
to a complete type. Choose C D C such that all qi\C' are distinct. Certainly the 
gi's are C'-invariant. It is enough to prove they are C'-definable, since then, for 
every formula (p, the Aut(I[J/C)-orbit of dq.{(f) is finite, hence dq.{(f) is equivalent 
to a formula in L(acl(C)). To prove qi is C'-definable note that 

p{fix))Uqi\C'{x)^ qi{x). 

Thus, there is a set A of formulas if{x,y) in L, a mapping (f{x,y) — )■ "^ipiy) 
assigning to formulas in A formulas in L{C') such that q^ is generated by {f{x, b) : 
U 1= "(9^(6)}. It then follows from Lemma [2.3. II that qi is indeed C'-definable. □ 

2.4. Orthogonality to a definable set. Let Q be a fixed 0-definable set. We 
give definitions of orthogonality to Q that are convenient for our purposes, and are 
equivalent to the usual ones when Q is stably embedded and admits elimination 
of imaginaries; this is the only case we will need. 

Let y4 be a substructure of U. A type p = tp{c/A) is said to be almost 
orthogonal to Q if Q{A{c)) = Q{A). Here A{c) is the substructure generated 
by c over A, and Q{A) = Q (1 dcl(A) is the set of points of Q definable over A. 

An A-definable type p is said to be orthogonal to Q, and one writes p ± Q, if 
p\B is almost orthogonal to Q for any substructure B containing A. Equivalently, 
for any B and any 5-definable function / into Q the pushforward f^,p is a type 
concentrating on one point, i.e. including a formula of the form = 7- 
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Let US recall that for F a structure containing C, ¥yi{W,Q){F) denotes the 
family of F-definable functions ^ Q and that Fn(W^, Q) = ¥n{W, Q)(U) is an 
ind-definable set. 

Let V be a C-definable set. Let p be a definable type on V ^ orthogonal to Q. 
Any U-definable function / : ^ ^ Q is generically constant on p. Equivalently, 
any C-definable function f : V xW ^ Q (where W is some C-definable set) 
depends only on the PF-argument, when the ^-argument is a generic realization 
of p. More precisely, we have a mapping 

p^ : ¥u{V xW,Q)^ ¥n{W, Q) 

(denoted by when there is no possibility of confusion) given by p*{f){w) — 7 
if {dpv){f{v,w) = 7) holds in U. 

Uniqueness of 7 is clear for any definable type. Orthogonality to Q is precisely 
the statement that for any /, p*(/) is a function on W, i.e. for any w, such an 
element 7 exists. The advantage of the presentation / i-)- p*{f), rather than the 
two- valued i->- p*{(f)), is that it makes orthogonality to Q evident from the very 
data. 

Let S^^j^y{A) denote the set of A-definable types on V orthogonal to Q. It will 
be useful to note the (straightforward) conditions for pro-definability of S^^^y. 
Given a function gi : 5" x 1^ — >■ Q, we let gs{w) = g{s,w), thus viewing it as a 
family of functions Qs : W ^ Q. 

Lemma 2.4.1. Assume the theory T eliminates imaginaries, and that for any 
formula (f){v,w) without parameters, there exists a formula 9{w,s) without pa- 
rameters such that for any p e S^.fy, for some e, 

0(t',c) e p <(=^ 6(c,e). 

Then y is pro- definable, i.e. there exists a canonical pro-definable Z and a 
canonical bisection Z{A) = S^^j^y{A) for every A. 

Proof. We first extend the hypothesis a little. Let f : V xW ^ Q he 0-definable. 
Then there exists a 0-definable g : S x W ^ Q such that for any p e S^ef,v^ ^^r 
some s & S, p*{f) — gs- Indeed, let (l){v,w,q) be the formula f{v,w) = q and 
let 6{w, q, s) the corresponding formula provided by the hypothesis of the lemma. 
Let S be the set of all s such that for any w & W there exists a unique q E Q 
with 9{w,q,s). Now, by setting g{s,w) = g if and only if 9{w,q,s) holds, one 
gets the more general statement. 

Let fi : V xWi ^ Q he an enumeration of all 0-definable functions f : V xW ^ 
Q, with i running over some index set /. Let gi : SiXWi ^ Qhe the corresponding 
functions provided by the previous paragraph. Elimination of imaginaries allows 
us to assume that s is a canonical parameter for the function gi^s{w) = gi{s, w), i.e. 
for no other s' do we have gi^s — gi,s'- We then have a natural map tTj : S'^^ y — )■ S'j, 
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namely vrj(p) = s if = Qi^s- Let n = UiHi : S^^^ y — )■ IliSi be the product 

map. Now IliSi is canonically a pro-definable set, and the map vr is injective. So 
it suffices to show that the image is oo-definable in IlS'j. Indeed, s = (sj)j lies 
in the image if and only if for each finite tuple of indices ii, . . . , z„ G / (allowing 
repetitions), (Vi^i G Wi) ■ ■ ■ (WiUn G PV„)(3w G V) A'l^^ fi{v,Wi) = gi{si,Wi). For 
given this consistency condition, there exists a G \^(U') for some U -< U' such 
that fi{a,w) = gi{s,w) for all w & Wi and all i. It follows immediately that 
p = tp(a/U) is definable and orthogonal to F, and it{p) = s. Conversely if 
p G S^^jyilJ) and a \= p\V, for any wi G Vri(lLJ), . . . ,Wn G iy,i(lLJ), the element 
a witnesses the existence of v as required. So the image is cut out by a set of 
formulas concerning the Sj. □ 

If Q is a two-element set, any definable type is orthogonal to Q, and Fn(V, Q) 
can be identified with the algebra of formulas on V, via characteristic functions. 
The presentation of definable types as a Boolean retraction from formulas on 
V X W to formulas on W can be generalized to definable types orthogonal to 
Q. An element p of S^^jry{A) yields a compatible systems of retractions p^ : 
Fn(y X W, Q) — Fn(VF, Q). These retractions are also compatible with definable 
functions g : Q"^ Q, namely p^{g o (/i, . . . , /^)) = g o (pj^, . . .,pjrn)- One 
can restrict attention to 0-definable functions Q"^ — )■ Q along with compositions 
of the following form: given F: VxWxQ-^Q and f : V x W ^ Q, let 
F o' /(t), w) = F{v, w, f{v, w)). Then p^,(Fo' /) = p^:{F) o'p*(/). It can be shown 
that any compatible system of retractions compatible with these compositions 
arises from a unique element p of S'^jy(y4). This can be shown by the usual two 
way translation between sets and functions: a set can be coded by a function into 
a two-element set (in case two constants are not available, one can add variables 
X, y, and consider functions whose values are among the variables). On the other 
hand a function can be coded by a set, namely its graph. This characterization 
will not be used, and we will leave the details to the reader. It does give a slightly 
different way to see the oo-definability of the image in Lemma 12.4.11 

2.5. Stable domination. We shall assume from now on that the theory T has 
elimination of imaginaries. 

Definition 2.5.1. A C-definable set in U is said to be stably embedded if, for 
every definable set E and r > 0, E D is definable over C U D. A C-definable 
set in U is said to be stable if the structure with domain D, when equipped 
with all the C-definable relations, is stable. 

One considers the multisorted structure Stc whose sorts Di are the C-definable, 
stable and stably embedded subsets of U. For each finite set of sorts Di, all the 
C-definable relations on their union are considered as 0-definable relations Rj. 
The structure Stc is stable by Lemma 3.2 of [14j. 

For any AcV, one sets Stc (A) = Stc n dcl(CA). 
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Definition 2.5.2. A type tp{A/C) is stably dominated if, for any B such tliat 

Stc(^) IstoCC) MB/CStciA)) h tp{B/CA). 

Remark 2.5.3. Tlie type tp{A/C) is stably dominated if and only if, for any 
B such that St(7(yl) I Stc{B), tp{A/Stc{A)) has a unique extension over 

CStciA)B. 

By [14J 3.13, if tp(a/C) is stably dominated, then it is has an an acl(C)- 
definable extension p to U; this definable type will also be referred to as stably 
dominated; we will sometimes denote it by tp(a/ acl(C))|I[J, and for any B with 
acl(C) < B <l], write p\B = tp(a/ acl(C))|5. For any |C| "'"-saturated extension 

of C, p\N is the unique Aut(A^/ acl(C))-invariant extension of tp(a/ acl(C)). 
We will need a slight extension of this: 

Lemma 2.5.4. Let p be a stably dominated C -definable type, C = acl(C). Let 
C ^ B = dcl(-B), and assume p\B is Ant{B/C) -invariant. Assume: for any 
b e StciB) \ ddlc), there exists b' eB,b' ^ b, with tp(6/C) = tp(67C). Then 
p\N is the unique Ant{N/C) -invariant extension of tp{a/C) . 

Proof. By hypothesis, p is stably dominated via some C-definable function h 
into Stc- Let q be an Aut(A^/C)-invariant extension of tp(a/C). Let be 
the pushforward. Then h^,q is Aut(Stc (i?)/C) invariant, so the canonical base 
of h^q\Stc{B) must be contained in acl(C) = C; hence h^q is a non-forking 
extension of /i*p|C, so = h^,p. By definition of stable domination, it follows 
that q = p. □ 

Proposition 2.5.5 ([14j, Proposition 6.11). Assume tp{a/C) andtp{b/aC) are 
stably dominated, then tp{ab/C) is stably dominated. 

Remark 2.5.6. It is easy to see that transitivity holds for the class of symmetric 
invariant types. Hence Proposition l2.5.5l can be deduced from the characterization 
of stably dominated types as symmetric invariant types. 

A formula ip{x,y) is said to shatter a subset W of a model of T if for any 
two finite disjoint subsets U, U' of W there exists b with (/)(a, b) for a & U, and 
-i(f){a',b) for a G U'. Shelah says that a formula (p{x,y) has the independence 
property if it shatters arbitrarily large finite sets; otherwise, it has NIP. Finally, 
T has NIP if every formula has NIP. Stable and o-minimal theories are NIP, as 
is ACVF. 

If !f{x,y) is NIP then for some k, for any indiscernible sequence (oi, . . . , a„) 
and any 6 in a model of T, {i : (f){ai,b)} is the union of < convex segments. 
If {ai, . . . , Qn} is an indiscernible set, i.e. the type of (ao-(i), . . . , ao-(n)) does not 
depend on a G Sym(n), it follows that {i : 0(aj,6)} has size < k, or else the 
complement has size < k. 
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Definition 2.5.7. If T is a NIP-theory, and p is an Aut(U/C)-invariant type 
over U, one says tliat p is generically stable over C if it is C-definable and finitely 
satisfiable in any model containing C (that is, for any formula if{x) in p and any 
model M containing C, there exists c in M such that U |= f{c)). 

In general, when p{x), q{y) are Aut(I[J/C)-invariant types, there exists a unique 
Aut(I[J/C)-invariant type r{x,y), such that for any C ^ C, {a,b) \= p®q if and 
only if a |= p\C and h |= q\C{a). This type is denoted p{x)®q{y). In general ® is 
associative but not necessarily symmetric. We define by = p^^p. 

The following characterization of generically stable types in NIP theories from 
will be useful: 

Lemma 2.5.8 ([T8] Proposition 3.2). Assume T has NIP. An Aut(U/C)- 
invariant type p{x) is generically stable over C if and only if is symmetric 
with respect to permutations of the variables Xi, . . . ,Xn- 

For any formula ip{x,y), there exists a natural number n such that whenever 
p is generically stable and (ai, . . . , Oat) |= p^|C with N > 2n, for every c in U, 
(p{x,c) G p if and only ifV |= \/^„<...<i„ viaio,c) A • • ■ A V5(ai„,c). 

The second part of the lemma is an easy consequence of the definition of a NIP 
formula, or rather the remark on indiscernible sets just below the definition. 

We remark that Proposition 12.5.51 also follows from the characterization of 
generically stable definable types in NIP theories as those with symmetric tensor 
powers in Lemma [2. 5. 8[ cf. |18] . 

2.6. Review of ACVF. A valued field consists of field K together with a ho- 
morphism v from the multiplicative group to an ordered abelian group P, such 
that v{x + y) > mmv{x),v{y). In this paper we shall take write the law on P 
additively. We shall write Pqo for P with an element oo added with usual conven- 
tions. In particular we extend v to K ^ Pqo by setting f (0) = oo. We denote by 
R the valuation ring, by M the maximal ideal and by k the residue field. 

Now assume K is algebraically closed and v is surjective. The value group 
P is then divisible and the residue field k is algebraically closed. By a classical 
result of A. Robinson, the theory of non trivially valued algebraically closed fields 
of given characteristic and residue characteristic is complete. Several quantifier 
elimination results hold for the theory ACVF of algebraically closed valued fields 
with non-trivial valuation. In particular ACVF admits quantifier elimination in 
the 3-sorted language £jkr, with sorts VP, P and k for the valued field, value group 
and residue field sorts, with respectively the ring, ordered abelian group and ring 
language, and additional symbols for the valuation v and the map Res : VF^ ^ 
sending {x,y) the residue of xy~^ if v{x) > v{y) and y ^ and to otherwise, 
(cf. p3] Theorem 2.1.1). Sometimes we shall also write val instead of v for the 
valuation. In this paper we shall use the extension £g of Ltr considered in [13] 
for which elimination of imaginaries holds. In addition to sorts VP, P and k 
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there are sorts Sn and T„, n > 1. The sort Sn is the collection of all codes for 
free rank n i?-submodules of K"'. For s G Sn, we denote by red(s) the reduction 
modulo the maximal ideal of the lattice A(s) coded by s. This has 0-definably 
the structure of a rank n fc-vector space. We denote by T„ the set of codes for 
elements in U{red(s)}. Thus an element of T„ is a code for the coset of some 
element of A(s) modulo MA(s). For each ri > 1, we have symbols r„ for the 
functions r„ : T„ — )■ Sn defined by r„(t) = s if t codes an element of red(s). We 
shall set S = Un>iSn and 7 = U„>iT„. The main result of [13] is that ACVF 
admits elimination of imaginaries in £g. 

With our conventions, if C C U, we write T{C) for dcl(C) fl F and k{C) for 
dcl(C) n k. If is a subfield of U, one denotes by Tk the value group, thus 
T{K) = Q ® F;^. If the valuation induced on K is non-trivial, then the model 
theoretic algebraic closure acl(i^') is a model of ACVF. In particular the structure 
T{K) is Skolemized. 

We shall denote in the same way a finite cartesian product of sorts and the 
corresponding definable set. For instance, we shall denote by F the definable set 
which to any model K of ACVF assigns T{K) and by k the definable set which 
to K assigns its residue field. We shall also sometimes write K for the sort VF. 

The following follows from the different versions of quantifier elimination (cf. 
|13| Proposition 2.1.3): 

Proposition 2.6.1. (1) The definable set F is o-minimal in the sense that 
every definable subset of T is a finite union of intervals. 

(2) Any K -definable subset of k is finite or cofinite (uniformly in the param- 
eters), i.e. k is strongly minimal. 

(3) The definable set F is stably embedded. 

(4) If A ^ K, then acl(/l) (1 K is equal to the field algebraic closure of A in 
K. 

(5) If S ^ k and a & k belongs to acl(S') in the K^"^ sense, then a belongs to 
the field algebraic closure of S. 

(6) The definable set k is stably embedded. 

Lemma 2.6.2 ([13j Lemma 2.17). Let C be an algebraically closed valued field, 
and let s G Sn{C), with A = A^ C K'^ the corresponding lattice. Then A is 
C-definably isomorphic to K^, and the torsor red{s) is C-definably isomorphic to 

A C-definable set D is /c-internal if there exists a finite F C U such that 
D C dcl(A;UF). 

By Lemma 2.6.2 of [T3], we have the following characterisations of fc-internal 

sets: 
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Lemma 2.6.3 ([13] Lemma 2.6.2). Let D be aC-definable set. Then the following 
conditions are equivalent: 

(1) D is k-internal. 

(2) For any m > 1, there is no surjective definable map from D"^ to an infinite 
interval in F. 

(3) D is finite or, up to permutation of coordinates, is contained in a finite 
union of sets of the form red(si) x ■ ■ ■ x red(sm) x F, where Si, . . . , Sm are 
a.cl{C) -definable elements of S and F is a C-definable finite set of tuples 
from 9- 

For any parameter set C, let VCk,c be the many-sorted structure whose sorts 
are /c-vector spaces red(s) with s in dcl(C) flS. Each sort red(s) is endowed with 
/c-vector space structure. In addition, as its 0-definable relations, VCk,c has all 
C-definable relations on products of sorts. 

By Proposition 3.4.11 of |13] . we have: 

Lemma 2.6.4 ([13] Proposition 3.4.11). Let D be a K^'^-definable set. Then the 
following conditions are equivalent: 

(1) D is k-internal. 

(2) D is stable and stably embedded. 

(3) D is contained in dcl(C U VCk,c)- 

By combining Proposition 12.6.1] Lemma r2.6.2[ Lemma [2. 6. 41 and Remark |2. 5. 3[ 
one sees that (over a model) the 0-definition of a stably dominated type factors 
through some function into a finite dimensional vector space over the residue 
field. 

Corollary 2.6.5. Let C be a model o/ ACVF, let V be a C-definable set and let 
a & V . Assume p = tp(a/C) is a stably dominated type. Let (f){x,y) be a formula 
over C . Then there exists a definable map g : V ^ k"' and a formula 9 over C 
such that, if g{a) J,,,„s Stc{b), then 0(a, 6) holds if and only if 6{g{a),b) . 

2.7. F-internal sets. Let Q be an F-definable set. An F-definable set X is 
Q-internal if there exists F' D F, and an F'-definable surjection h : Y ^ X, 
with Y an F'-definable subset of for some n. When Q is stably embedded 
and eliminates imaginaries, as is the case of F in ACVF, we can take /i to be a 
bijection, by factoring out the kernel. If one can take F' = F we say that X is 
directly Q-internal. 

In the case of Q = F in ACVF, we mention some equivalent conditions. 

Lemma 2.7.1. The following conditions are equivalent: 

(1) X is T-internal. 

(2) X is internal to some o-minimal definable linearly ordered set. 

(3) X admits a definable linear ordering. 
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(4) Every stably dominated type on X (over any base set) is constant (i.e. 
contains a formula x — a). 

(5) There exists an a,c\{F)- definable injective h :Y ^ F*. 

Proof. The fact that (2) imphes (3) follows easily from ehmination of imaginaries 
in ACVF: any o-minimal definable linearly ordered set is directly internal to F. 
Condition (3) clearly implies (4) by the symmetry property of generically stable 
types p: p{x)^p{y) has x < y if and only if y < x, hence x = y. The implication 
(4) — > (5) again uses elimination of imaginaries in ACVF, and inspection of the 
geometric sorts. Namely, let A = acl(-F) and let c E Y. Assuming (4), we have 
to show that c G dcl(F*). This reduces to the case that tp{c/A) is unary; for if 
c = (ci, C2) and the implication holds for tp{c2/A) and for tp(ci/A(c2) we obtain 
C2 e acl(A,F,ci); it follows that (4) holds for tp(ci/A), so Ci G dcl(A,7) and 
the result follows since acl(A, 7) = dcl(A, 7) for 7 G F"*. So assume tp(c/A) 
is unary, i.e. it is the type of a sub-ball 6 of a free 0-module M. The radius 
7 of 6 is well-defined. Now tp{c/A,'j{b)) is a type of balls of constant radius; 
if c ^ a.cl{A,'y{b)) then there are infinitely many balls realizing this type, and 
their union fills out a set containing a larger closed sub-ball. In this case the 
generic type of the closed sub-ball induces a stably dominated type on a subset 
of tp(c/A, 7(6)), contradicting (4). Thus c G acl(A, 7(6)) = dcl(A, 7(6)). 

The remaining implications (1) — )■ (2) and (5) — ?■ (1) are obvious. □ 

Let U and V be definable sets. A definable map f : U ^ V with all fibers 
F-internal is called a F-internal cover. If f : U — )■ V is an F-definable map, such 
that for every v e V the fiber is F(^;)-definably isomorphic to a definable set in 
F", then by compactness and stable embeddedness of F, U is isomorphic over V 
to a fiber product V y<g,hZ, where g : V C F'", and Z C F", and h: Z ^Y. 
We call such a cover directly T -internal. 

Any finite cover of V is F-internal, and so is any directly F-internal cover. 

Lemma 2.7.2. Let V be a definable set in ACVFj?. Then any V-internal cover 
f : U ^ V is isomorphic ( over V) to a fiber product over V of a finite cover and 
a directly V-intemal cover. 

Proof. It suffices to prove this at a complete type p — tp(c/F) of U, since the 
statement will then be true (using compactness) above a (relatively) definable 
neighborhood of f*{p), and so (again by compactness, on V) everywhere. Let 
F' = F(/(c)). By assumption, /~^(/(c)) is F-internal. So over F' there exists a 
finite definable set H, forteH an F'(t)-definable bijection ht : Wt ^ U, with 
Wt C F", and c G \m{ht). We can assume H is an orbit of G = Aut(acl(F)/F). 
In this case, since F is linearly ordered, Wt cannot depend on t, so Wt = W. 
Similarly let Gc = Aut(acl(F)(c)/F(c)) < G. Then ht\c) G W depends only 
on the Cc-orbit of ht. Let He be such an orbit (defined over -F(c)), and set 
h~^{c) — h^^{c) for t in this orbit and some h G He. Then He has a canonical 
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code gi{c), and we have (71(c) G acl(F(/(c)), and c G dcl{F{f{c),gi{c),h^^{c))). 
Let 5f(c) = (/(c), (71(c)). Then tp( (7(c) /F) is naturally a finite cover of tp (/(c) /F), 
and tp(/(c), h^^{c)/ F) is a directly F-internal cover. □ 

Lemma 2.7.3. Let F he a definably closed substructure ofVF* xT* , let B C VF"" 
be ACVF F-definable, and let B' be a definable set in any sorts (including possibly 
imaginaries). Let g : B' ^ B be a definable map with finite fibers. Then there 
exists a definable B" C VF'"'*'^ and a definable bijection B' — )■ B" over B. 

Proof. By compactness, working over F{b) for 6 G -B, this reduces to the case 
that S is a point. So B' is a finite AC VFi^-definable set, and we must show that 
B' is definably isomorphic to a subset of VF^. Now we can write F = -^0(7) for 
some 7 G F* with Fq = F n VF. By Lemma 3.4.12 of [ISj, acl(F) = acl(Fo)(7). 
So B' = {/(7) : / G B"} where B" is some finite Fo-definable set of functions on 
F. Replacing F by Fq and B' by B", we may assume F is a field. Now acl(F) = 
dcl(F"'^). Indeed, this is clear if F is not trivially valued since then F^^s 

IS an 

elementary substructure of U. In general there exists acl(F) < fl^ dcl(F(r)'^'^) = 
dcl(F"'»). Now we have B' C acl(F) = dcl(F''^^?). Using induct ion on \B'\ we may 
assume B' is irreducible, and also admits no nonconstant AC VFi^-definable map 
to a smaller definable set. If B' admits a nonconstant definable map into VF then 
it must be 1-1 and we are done. Let b e B' and let F' = Fix(Aut(F"'9/F(6))). 
Then F' is a field, and if d E F' \ F, then d = h{b) for some definable map 
h, which must be nonconstant since d ^ F. If F' = F then by Galois theory, 
b G dcl(F), so again the statement is clear. □ 

Corollary 2.7.4. The composition of two definable maps with T -internal fibers 
also has T -internal fibers. In particular if f has finite fibers and g has T -internal 
fibers then g o f and fog have T -internal fibers. 

Proof. Here we may work over a model A. By Lemma 12.7.21 and the definition, 
the class of F-internal covers is the same as compositions (7 o / of definable maps 
/ with finite fibers, and g with directly F-internal covers. Hence to show that this 
class is closed under composition it suffices to show that if / has finite fibers and 
g has directly F-internal covers, then fog has F-internal fibers; in other words 
that if 6 G acl(yl(7)) with 7 a tuple from F, then (a, 6) G dcl(y4 U F). But this 
follows from Lemma 3.4.12 quoted above. □ 

Warning: the corollary applies to definable maps between definable sets, hence 
also to iso-definable sets. However if / : X — )■ F is map between pro-definable 
sets and [/ is a F-internal, iso-definable subset of Y , we do not know if f~^{U) 
must be F-internal, even if / is < 2-to-one. 

Remark 2.7.5. Let F be a Skolemized o-minimal structure, a G F". Let D be a 
definable subset of F" such that a belongs to the topological closure cl{D) of D. 
Then there exists a definable type p on D with limit a. 



NON-ARCHIMEDEAN TAME TOPOLOGY AND STABLY DOMINATED TYPES 21 



Proof. Consider the family F of all rectangles (products of intervals) whose inte- 
rior contains a. This is a definable family, directed downwards under containment. 
By Lemma 2.19 of |16) there exists a definable type q on F concentrating, for each 
6 e F, on {6' G -F : 6' C b}. Since a G cl{D), there exists a definable (Skolem) 
function g such that for u & F, g{u) & u (1 D. To conclude it is enough to set 
p = g*{q). □ 

An alternative proof is provided, in our case, by Lemma [4.2.121 

It follows that if the limit of any definable type on D exists and lies in D, then 

D is closed. Conversely, if D is bounded, any definable type on D will have a 

limit, and if D is closed then this limit is necessarily in D. 

2.8. Orthogonality to F. Let A be a substructure of U. 

Proposition 2.8.1. (a) Let p he an A-definable type. The following conditions 
are equivalent: 

(1) p is stably dominated. 

(2) p is orthogonal to T. 

(3) p is generically stable. 

(b) A type p over A extends to at most one generically stable A-definable type. 

Proof. The equivalence of (1) and (2) follows from jT^ 10.7 and 10.8. Using 
Proposition 10.16 in [14j, and [18], Proposition 3.2(v), we see that (2) implies 
(3). (In fact (1) implies (3) is easily seen to be true in any theory, in a similar 
way.) To see that (3) implies (2) (again in any theory), note that if p is generically 
stably and / is a definable function, then f^,p is generically stable (by any of the 
criteria of [18] 3.2, say the symmetry of indiscernibles) . Now a generically stable 
definable type on a linearly ordered set must concentrate on a single point: a 
2-element Morley sequence (01,02) based on p will otherwise consist of distinct 
elements, so either Oi < 02 or Oi > 02, neither of which can be an indiscernible set. 
The statement on unique extensions follows from [18j, Proposition 3.2(v). □ 

We shall use the following statement. Theorem 12.18 from [14j : 

Theorem 2.8.2. (1) Suppose that C < L are valued fields with C maximally 
complete, k{L) is a regular extension of k{C) and Tl/Tc is torsion free. 
Let a be a sequence in V, a E dcl(L). Then tp(o/C U r(C7o)) is stably 
dominated. 

(2) Let C be a maximally complete algebraically closed valued field, and a be 
a sequence in U. Then tp(acl(Co)/C U r(Co)) is stably dominated. 

2.9. V for stable definable V. We end with a description of the set V of 

definable types concentrating on a stable definable V, as an ind-definable set. 
The notation V is compatible with the one that will be introduced in greater 
generality in §3.11 Such a representation will not be possible for algebraic varieties 
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V in ACVF and so the picture here is not at all suggestive of the case that will 
mainly interest us, but it is simpler and will be lightly used at one point. 

A family Xa of definable sets is said to be uniformly definable in the parameter 
a if there exists a definable X such that Xa = {x : (a, x) G X}. An ind-definable 
set Xa depending on a parameter a is said to be uniformly definable in a if it 
can be presented as the direct limit of a system Xa^i, with each Xa^i and the 
morphisms j — )■ Xaj definable uniformly in a. If f/ is a definable set, and 
Xu = limj is (strict) ind-definable uniformly in u, then the disjoint union of 
the Xu is clearly (strict) ind-definable too. 

Recall k denotes the residue field sort. Given a Zariski closed 14^ C k", define 
deg(Vr) to be the degree of the Zariski closure of W in projective n-space. Let 
ZCrf(k") be the family of Zariski closed subset of degree < d and let IZCd(k") be 
the sub-family of absolutely irreducible varieties. It is well known that IZC(i(k") 
is definable (cf., for instance, §17 of [llj). These families are invariant under 
GL„(k), hence for any definable k- vector space V of dimension n, we may consider 
their pullbacks ZCd{V) and lZCd{V) to families of subsets of V, under a k-linear 
isomorphism V — k". Then ZCd{V) and lZCd{V) are definable, uniformly in 
any definition of V. 

Lemma 2.9.1. IfV is a finite- dimensional h- space, then V is strict ind-definable. 

The disjoint union Dgt of the Va with Va = A/MA and where A ranges over 
the definable family Sn of lattices in is also strict ind-definable. 

Proof. Since V can be identified with the limit over all d of YZCdiV)., it is strict 
ind-definable uniformly in V . The family of lattices A in is a definable family, 
so the disjoint union of Va over all such A is strict ind-definable. □ 

If is a valued field, one sets RV = /I + M. So we have an exact sequence 
of abelian groups — /c^ — RV — )■ F — )■ 0. For 7 G F, denote by the preimage 
of 7 in RV. 

Lemma 2.9.2. For m > 0, RV"* is strict ind-definable. The function dim is 
constructive (i.e. has definable fibers on each definable piece ofVN^). 

Proof. Note that RV is the union over 7 G F of the k- vector spaces V^. For 
7 = (71, . . . ,7„) G F", let V- = n"^^V^.. Since the image of a stably dominated 
type on RV™ under the morphism RV™ — )■ F™ is constant, any stably dominated 
type must concentrate on a finite product V-. Thus it suffices to show, uniformly 
in 7 G F", that Vj is strict ind-definable. Indeed V- can be identified with the 
limit over all d of lZCd{V-). □ 

2.10. Decomposition of definable types. We seek to understand a definable 
type in terms of a definable type g on F", and the germ of a definable map from 
q to stably dominated types. 
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Let p be an A-definable type. Define Tkr{p) = rkQr(M(c))/r(M), where A < 
M 1= ACVF and c |= p\M. Since p is definable, this rank does not depend on 
the choice of M, but for the present discussion it suffices to take M somewhat 
saturated, to make it easy to see that rkr(p) is well-defined. 

If p has rank r, then there exists a definable function to whose image is not 
contained in a smaller dimensional set. We show first that at least the germ of 
such a function can be chosen A-definable. 

Lemma 2.10.1. Let p be an A-definable type and set r = rkr(p). Then there 
exists a nonempty A-definable set Q" and for b G Q" a b-definable function 'jf, = 
((7f,)i, . . . , (7fe)r) into r^, such that 

(1) Ifbe Q" and c \= p\A{b) then the image of jb{c) in T{A{b,c))/T{A{b)) is 
a Q-linearly-independent r-tuple. 

(2) Ifb, b' e Q" and c |= p\A{b, b') then 7^(0) = 7b/(c). 

Proof. Pick M as above, and an M-definable function 7 = (71, . . . ,7^) into F'", 
such that if c 1= p\M then 71(c), 7^(0) have Q-linearly-independent images 
in r(M(c))/r(M). Say 7 = 7a and let Q = tp{a/A). li b e Q there exist a 
unique N = N{a,b) e GL^(Q) and 7' = j'{a,b) e V such that for c |= p\M{b), 
76(c) = A^7a(c) +7'. By compactness, as b varies the matrices N{a, b) vary among 
a finite number of possibilities A^^i, . . . , N^; moreover there exists an A-definable 
set Q' such that for a',b G Q' we have (3t' G r^)((ip'u) Vi(7b(w) = Ni^ya'iu) +t'). 
In other words the definable set Q' has the same properties as Q. 

Define an equivalence relation on Q': b'Eb if (rfpx) (7;,' (x) = 7fc(x)). Then by 
the above discussion, Q' / E C dcl(A(a),r) (in particular Q' / E is F-internal, cf. 
12. 7p . By Lemma [2171 it follows that Q' / E C acl(A, F), and there exists a definable 
map g : Q'/ E ^ with finite fibers. 

We can consider the following partial orderings on Q': b' <j b if and only if 
{dpx){{'yii')i{x) < {'yi,)i{x)). These induce partial orderings on Q'/E, such that if 
X y then x <iy for some i. This permits a choice of an element from any given 
finite subset of Q'/E; thus the map g admits a definable section. 

It follows in particular there exists a non empty A-definable subset F C F and 
for y & Y an element e{y) G Q'/E. If Y has an A-definable element then there 
exists an A-definable i?-class in Q'/E; let Q" be this class. This is always the 
case unless F(A) = (0), ^ Y, and Y = (0, 00) ot Y = (— oo,0); but we give 
another argument that works in general. 

For y & Y we have a p-germ of a function jly] into F'', and the germs of 
y,y' &Y differ by an element {M{y, y'), d{y, y')) of GL,.(Q) x F*". It is easy to cut 
down Y so that M{y, y') = 1 for all y, y'. Indeed, let q be any definable type on 
Y; then for some Mq G GLr(Q), for y \= q and y' \= q\y we have M{y,y') = Mo; 
it follows that = Mq so that Mq = 1; replace Y by {dgy')M{y,y') = 1. 
Now we have d{y,y') = di{y) — d2{y') for some definable (linear) maps into 
F''. Since d{y,y") = d{y,y') + d{y',y") we have di = ^2- Replace each germ 



24 



EHUD HRUSHOVSKI AND FRANgOIS LOESER 



l[y\ by 7[y] — di{y). The result is another family of germs with M{y,y') = 1 
and d{y,y') = 0. This means that the germ does not depend on the choice of 
yeY. □ 

Lemma 2.10.2. Let p be an A-definable type on some A-definable set V and set 
r = rkr(p). There exists an A-definable germ of maps 6 : p V" of maximal 
rank. Furthermore for any such 6 the definable type 6^{p) is A-definable. 

Proof. The existence of the germ 6 follows from Lemma I2.1U.1I It is clear that 
any two such germs differ by composition with an element of GLr(Q) ix r{AY. 
So, if one fixes such a germ, it is represented by any element of the A-definable 
family (7^ : (a G Q")) in Lemma |2. 10.11 The definable type on F^' does 

not depend on the choice of 6 within this family, hence 6^{p) is an A-definable 
type. □ 

Let g be a definable type over A. Two pro-definable maps h = {hi, h2, . . .) and 
9 = (S'l) 92, ■ ■ ■) over B ^ A are said to have the same g-germ if h{e) = g{e) when 
e 1= q\B. The g-germ of h is the equivalence class of h. So h,g have the same 
g-germ if and only if the definable approximation {hi, . . . , hn), {gi, ■ ■ ■ , g-n) have 
the same g-germ for each n; and the g-germ of h is determined by the sequence 
of g- germs of the hn- 

In the remainder of this section, we will use the notation V for the space of 
stably dominated types on V , for V an A-definable set, introduced in §3.11 In 
Theorem 13.1.11 we prove that V can be canonicaly identified with a strict pro- 
definable set. 

Definition 2.10.3. If g is an A-definable type on some A-definable set V and 
h : V W is an A-definable map, there exists a unique A-definable type r on 
W such that for any model M containing A, if e |= q\M and h \= h{e)\Me then 
h 1= r\M. We refer to r as the integral J^h of h along g. As by definition r 
depends only of the g-germ h of h, we set Jgh:= J^h. 

Note that that for h as above, if the g-germ h is A-definable (equivalently 
Aut(U/A)-invariant), then so is r; again the definition of r depends on on h 
hence if h is Aut(I[J/A) then so is r (even if h is not). 

Remark 2.10.4. The notion of stably dominated type making sense for *-types, 

one can consider the space V of stably dominated types on the strict pro-definable 

set V, for V a definable set. There is a canonical map h : V V sending a 
stably dominated type g on ^ to h{q) = /^id^. So h{q) is a definable type, and 
by Proposition 12.5.51 it is stably dominated. 

The following Proposition states that any definable type may be viewed as 
an integral of stably dominated types along some definable type on F*". The 
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proposition states the existence of certain A-definable germs of functions; there 
may be no A-definable function with this germ. For the notion of A-definable 
germ, see Definition 6.1 in |14] . 

Proposition 2.10.5. Let p be an A-definable type on some A-definable set V 
and let 6 : p be as in Lemma \2.1U.'A There exists an A-definable germ of 

definable function h at 5^{p) into V such that p = fs,{j)) ^■ 

Proof. Let M be a maximally complete model, and let c |= p|M, t = 5{c). Then 
G{M[c)) is generated over r(M) by S{c). By \T3\, Corollary 3.4.3 and Theorem 
3.4.4, M{t) := dcl(MU{t)}) is algebraically closed. By Theorem[M2]tp(c/M(t)) 
is stably dominated, hence extends to a unique element f{t, M) of V{M{t)). 

Let M < ^ ACVF, with large and saturated, and c |= p\N . Note that 
s = tp{t/N) is M-definable. We will show that the homogeneity hypotheses of 
Lemma [2.5.41 hold. Consider an element b of N[t) \ M{t); it has the form h{e,t) 
with e ^ N. Let e be the class of e modulo the definable equivalence relation: 
X ~ x' if {dst){h{x,t) = h{x',t)). Since b is not M(t)-definable, e ^ M. Hence 
there exists e' e N with tp(e7M) = tp(e/M), but e' 7^ e. So b' = h{e',t) ^ b, 
and tp{b'/M{t)) = tp(6/M(t)). Since tp(c/A^(t)) is Aut(A^(t)/M(t))-invariant, 
by Lemma tp(c/A^(t)) = f{t,M)\N{t). 

Given two maximally complete fields M and M' we see by choosing A^ con- 
taining both that f{t, M) = f{t, M'), so we can denote this by f{t). We obtain a 
definable function f : P ^ V, where P = tp(t). The 5*(p)-germ of this function 
/ does not depend on the choice of 6. It follows that the germ is Aut(U/A)- 
invariant, hence A-definable; and by construction we have p = Js^(p) h. □ 

2.11. Pseudo-Galois morphisms. We finally recall a a notion of Galois cover 
at the level of points; it is essentially the notion of a Galois cover in the category 
of varieties in which radicial morphisms (EGA I, (3.5.4)) are viewed as invertible. 

Following |30] p. 52, we call a finite surjective morphism Y ^ X of integral 
noetherian schemes a pseudo-Galois covering if the field extension F{Y)/ F{X) is 
normal and the canonical group homomorphism Autx(^) — ^ Gal{F{Y), F{X)) 
is an isomorphism, where by definition Gal{F{Y), F{X)) means Auti?(x)(F(y)). 
Injectivity follows from the irreducibility of Y. 

If \^ is a normal irreducible variety over a field F and K' is a finite, normal 
field extension of F{V), the normalization V of V in K' is a pseudo-Galois 
covering since the canonical morphism Autv{V') — )■ G = Gal{K' , F{V)) is an 
isomorphism. This is a special case of the functoriality in K' of the map taking 
K' to the normalization of V in K'. The action oi g E G on V' may be described 
as follows. To g corresponds to a rational map V — )■ V; let Wg be the graph 
of this map, a closed subvariety of V x V. Each of the projections Wg — )■ V is 
birational, and finite. Since V is normal, these projections are isomorphisms, so 
g is the graph of an isomorphism V ^ V. 
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As observed in loc. cit., p. 53, if F — )■ X is a pseudo- Galois covering and X 
is normal, for any morphism X' ^ X with X' an integral noetherian scheme, 
the Galois group G = Gal{F(Y), F{X)) acts transitively on the components of 
X' XxY. Here is a brief argument. Note that if X' is the normalization of X in 
a finite purely inseparable extension K' of its function field F{X), the morphism 
X' ^ X is radicial. Indeed one may assume X — Spec74, X' = SpecA' and the 
characteristic is p. For some integer h, F{X) contains K'^^ and an element x of 
K' lies in A' if and only if E A. It follows that the morphism Y/G ^ X 
is radicial, hence G is transitive on fibers of Y/X. So there are no proper G- 
invariant subvarieties oiY. It is clear from Galois theory that G acts transitively 
on the components oi X' Xx Y mapping dominantly to X'; it follows that the 
union of these components is an Gal(F(y), F(X))-invariant subset mapping onto 
X', hence is all of X' Y. So there are no other components. 

If y is a finite disjoint union of non empty integral noetherian schemes 1^, 
we say a finite surjective morphism F — > X is a pseudo-Galois covering if each 
restriction — > X is a pseudo-Galois covering. Also, if X is a finite disjoint 
union of non empty integral noetherian schemes Xi, we shall say Y ^ X is a 
pseudo-Galois covering if its pull-back over each Xi is a pseudo-Galois covering. 

3. The space of stably dominated types V 

3.1. K as a pro-definable set. We shall now work in a big saturated model U 
of ACVF in the language /Cg. We fix a substructure C of U. If X is an algebraic 
variety defined over the valued field part of G, we can view X as embedded as a 
constructible in affine n-space, via some affine chart. Alternatively we could make 
new sorts for P", and consider only quasi-projective varieties. At all events we 
will treat X as we treat the basic sorts. By a "definable set" we mean: a definable 
subset of some product of sorts (and varieties), unless otherwise specified. 

For a C-definable set V, and any substructure F containing C, we denote by 
V{F) the set of F-definable stably dominated types p on V (that is such that 
p\F contains the formulas defining V). 

We will now construct the fundamental object of the present work, initially as 
a pro-definable set. We will later define a topology on V. 

We show that there exists a canonical pro-definable set E and a canonical 
identification V{F) — E{F) for any F. We will later denote E asV. 

Theorem 3.1.1. Let V he a G -definable set. Then there exists a canonical pro -G - 
definable set E and a canonical identification V{F) = E{F) for any F. Moreover, 
E is strict pro-definable. 

Remark 3.1.2. The canonical pro-definable set E described in the proof will be 
denoted as V throughout the rest of the paper. 
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If one wishes bringing the choice of E out of the proof and into a formal 
definition, a Grothendieck-style approach can be adopted. The pro-definable 
structure of E determines in particular the notion of a pro-definable map U ^ E, 
where U is any pro-definable set. We thus have a functor from the category of 
pro-definable sets to the category of sets, U E{U), where E{U) is the set 
of (pro)-definable maps from U to V. This includes the functor E E{E) 
considered above: in case f/ is a complete type associated with an enumeration of 
a structure A, then V{U) can be identified with ^(^4). Now instead of describing 
E we can explicitly describe this functor. Then the representing object E is 
uniquely determined, by Yoneda, and can be called V. Yoneda also automatically 
yields the functoriality of the map V ^ V from the category of C-definable sets 
to the category of C-pro-definable sets. 

In the present case, any reasonable choice of pro-definable structure satisfying 
the theorem will be pro-definably isomorphic to the E we chose, so the more 
category-theoretic approach does not appear to us necessary. As usual in model 
theory, we will say "Z is pro- definable" to mean: "Z can be canonically identified 
with a pro-definable E", where no ambiguity regarding E is possible. 

One more remark before beginning the proof. Suppose Z is a strict ind- 
definable set of pairs {x,y), and let 7r(Z) be the projection of Z to the x- 
coordinate. li Z = UZn with each Zn definable, then 7r(Z) = U7r(Z„). Hence 
7r(Z) is naturally represented as an ind-definable set. 

Proof of Theorem \3 . 1 . 1[ A definable type p is stably dominated if and only if it 
is orthogonal to F. The definition of (j){x, c) E p stated in Lemma 12.5.81 clearly 
runs over a uniformly definable family of formulas. Hence by Lemma 12.4. ![ V is 
pro-definable. 

To show strict pro-definability, let / : \^ x ly — )• F be a definable function. 
Write f^{v) = f{w,v), and define p^{f) : W ^ T by p*{f){w) = Let 
Ywj be the subset of Fn(iy, Too) consisting of all functions p*{f), for p varying in 
\^(U). By the proof of Lemma [2.4.11 it is enough to prove that Ywj is definable 
Since by pro-definability of V, Yy^j is cxD-definable, it remains to show that it is 
ind-definable. 

Set Y = Yyrj and consider the set Z of quadruples {g, h, q, L) such that: 

(1) L = A;" is a finite dimensional k- vector space 

(2) q e L- 

(3) /i is a definable function V ^ L (with parameters); 

(4) g : W ^ Too is a function satisfying: g{w) = 7 if and only if 

{dgv){{3v G V){h{v) = v)k{yv G V){h{v) = v ^ f{v, w) = 7) 
i.e. for |= q, h^^iy) is nonempty, and for any f G h^^{y), giw) = f{v,w). 
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Let Z\ be the projection of Z to the first coordinate. Note that Z is strict 
ind-definable by Lemma 12.9.11 and hence Z^ is also strict ind-definable. 

Let us prove F C Zi. Take p in l^(U), and let g = p^:{f). We have to show that 
geZi. Say p G V{C'), with C a model of ACVF and let a h p\C. By Corollary 
12.6.51 there exists a a C'-definable function h : V ^ L = k"^ and a formula 6 over 
C such that if C" C i? and b,'~f & B, if h{a) J^,.™s St^, then f{a,b) = 7 if and 

only if 6{h{a),b,'y). Let g = tp{h{a)/C'). Then (1-4) hold and {g,h,q,L) lies in 
Z. 

Conversely, let [g, h, q, L) G Z; say they are defined over some base set M; we 
may take M to be a maximally complete model of ACVF. Let v \= q\M, and 
pick V & V with h{v) = v. Let 7 generate r(M(f)) over r(M). By Theorem 
EOtp(t;/M(7) is stably dominated. Let M' = acl(M(7))Q. Let p be the unique 
element of F'(M') such that p\M' = tp{v/M'). We need not have p G V{M), i.e. 
p may not be M-definable, but since k and F are orthogonal, h^:{p) is M-definable. 
Thus h^{p) is the unique M-definable type whose restriction to M is tp('y/M), 
i.e. h^:{p) = q. By definition of Z it follows that = g. Thus Y = Z\ and 

IVj is strict ind-definable, hence C-definable. □ 

If / : — )■ is a morphism of definable sets, we shall denote by / : V — )> 
the corresponding morphism. Sometimes we shall write / instead of /. 

3.2. The notion of a definable topological space. We will consider topolo- 
gies on definable and pro-definable sets X. With the formalism of the universal 
domain U, we can view these as certain topologies on X(U), in the usual sense. 
If M is a model, the space X(M) will not be a subspace of X(U). It will be the 
topological space whose underlying set is X(M), and whose topology is gener- 
ated by sets U{M) with U an M-definable open set. Indeed in the case of an 
order topology, or any Hausdorff Ziegler topology in the sense defined below, the 
induced topology on a small set is always discrete. 

We will say that a topological space X is definable in the sense of Ziegler if the 
underlying set X is definable, and there exists a definable family B of definable 
subsets of X forming a neighborhood basis at each point. This allows for a good 
topological logic, see [32]. But it is too restrictive for our purposes. An algebraic 
variety with the Zariski topology is not a definable space in this sense; nor is the 
topology even generated by a definable family. 

Let X be an A-definable or pro-definable set. Let T be a topology on X{1]), 
and let 7^ be the intersection of T with the class of relatively U-definable subsets 
of X. We will say that T is an A-definable topology if it is generated by T^, and 
for any A-definable family W = {Wu : m G f/) of relatively definable subsets 
of X, W n T is ind-definable over A. The second condition is equivalent to 
{(x, W) : X e W,W C X,W e W n7} is ind-definable over A. An equivalent 
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definition is that the topology is generated by the union of an ind-definable family 
of relatively definable sets over A. We will also say that {X, 7) is a (pro) -definable 
space over A, or just that X is a (pro)-definable space over A when there is 
no ambiguity about 7. We say X is a (pro)-definable space if it is an (pro)-A- 
definable space for some small A. As usual the smallest such A may be recognized 
Galois theoretically. 

If To is any ind-definable family of relatively definable subsets of X, the set Ti 
of finite intersections of elements of 7q is also ind-definable. Let 7 be the family of 
subsets of X(l]) that are unions of sets Z{IJ), with Z e Ti. Then T is a topology 
on X(ILJ), generated by the relatively definable sets within it. By compactness, a 
relatively definable set y C X is in 7 if and only if for some definable T" C Ti, 
y is a union of sets Z(l]) with Z G T'. It follows that the topology 7 generated 
by To is a definable topology. In the above situation, note also that if Y is A- 
relatively definable, then Y is an A-definable union of relatively definable open 
sets from T'. Indeed, let Y' ^ {Z e T' : Z C Y}, then Y = Uzev'Z. In general 
Y need not be a union of sets from 7i{A), for any small A. 

As is the case with groups, the notion of a pro-definable space is more general 
than that of pro- (definable spaces). However the spaces we will consider will be 
pro- (definable spaces). 

When y is a definable topological space, and A a base substructure, the set 
Y{A) is topologized using the family of A-definable open subsets of Y. We do not 
use externally definable open subsets (i.e. A'-definablc for larger A) to define the 
the topology on Y{A); if we did, we would obtain the discrete topology on Y{A) 
whenever Y is HausdorfF. The same apphes in the pro-definable case; thus in the 
next subsection we shall topologize X{K) using the X-definable open subsets of 
X, restricted to X{K). 

When we speak of the topology of Y without mention of A, we mean to take 
A = U, the universal domain; often, any model will also do. 

3.3. K as a topological space. Assume that V comes with a topology 7v, and 
a sheaf of definable functions into Too- We define a topology on V as follows. 
A pre-basic open set has the form: {p E O : p^{(f)) E U}, where O E 7v, U C 

is open for the order topology, and (p ^ 0(0). A basic open set is by definition a 
finite intersection of pre-basic open sets. 

When V is an algebraic variety, we take the topology to be the Zariski topology, 
and the sheaf to be the sheaf of regular functions composed with val. 

When X is a definable subset of a given algebraic variety V, we give X the 
subspace topology. 

3.4. The afRne case. Assume is a definable subset of some affine variety. Let 
Fnr(V, Too) denote the functions of the form val(F), where F is a regular function 
on the Zariski closure of V. By quantifier-elimination any definable function is 
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piecewise a difference of the form 1/nf — 1/mg with / and g in Fn^ and n and 
m positive integers. Moreover, by piecewise we mean, sets cut out by Boolean 
combinations of sets of the form f < g, where f,g & Fnj.(V,roo)- It follows that 
if p is a definable type and is defined for / G Fnr{V, Too), then p is stably 

dominated, and determined by p^.|Fnr(K x W, T^) for all W. A basic open set is 
defined by finitely many strict inequalities < p*{g), with f,g& Fnr{V, Too)- 

(In case / = val(F) and g = val(G') with G = 0, this is the same as F ^ 0.) It 
is easy to verify that the topology generated by these basic open sets coincides 
with the definition of the topology on V above, for the Zariski topology and the 
sheaf of functions val(/), / regular. 

Note that if Fi, . . . , F„ are regular functions on V, and each p*{fi) is continuous, 
with fi = val(Fj), then p i-> (p*(/i(a;)), . . . is continuous. Thus the 

topology on V is the coarsest one such that all p (-> are continuous, for 

/ e FnrlVjToo)- So the basic open sets with f or g constant suffice to generate 
the topology. 

The topology on V is strict pro-definably generated in the following sense: 
for each definable set W, one endows Fn(PF, Foo) with the Tychonoff product 
topology induced by the order topology on T^. Now for a definable function 
f : V X W ^ Foo the topology induced on the definable set IV,/ is generated by 
a definable family of definable subsets of IV,/ (recall that IV,/ is the subset of 
Fn(VF, Foo) consisting of all functions p*(/), for p varying in \/(I[J)). By definition, 
the pullbacks to V of the definable open subsets of the Fn(PF, Foo) generate the 
topology on V. 

In particular, V is a pro-definable space in the sense of § 13.21 
When is a definable subset of an algebraic variety over VF, the topology on 
V can also be defined by glueing the affine pieces. It is easy to check that this 
is consistent (if V is an affine open of the affine V, obtained say by inverting g, 
then any function wal{f / g) can be written val(/) — val(5'), hence is continuous on 
V' in the topology induced from V^). Moreover, this coincides with the topology 
defined via the sheaf of regular functions. 

Lemma 3.4.1. (1) If X is a definable subset of then X = X canonically. 
More generally if U is a definable subset of VF*^ or a definable subset of an 
algebraic variety overVY and W is a definable subset ofV^, then the canonical 
map U X W ^ U x W is a bijection. 

(2) Let h : V U be a morphism of varieties, and let X G V/U be relatively 
T -internal over U . In other words, X is a relatively definable subset of V , the 
projection of X to U consists of simple points, and the fibers X^ of X ^ U are F- 
internal, uniformly in u E U. Then there exists a natural embedding 6 : X V , 
over U ; over a simple point u E U, 6 restricts to the identification of Xu with X^- 
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Proof. (1) Let f : U X W ^ U,g : W : U X W ^ W he the projections. If 

p EU xW we saw that concentrates on some a G so p = f*{p) x g^,{p) 

(i.e. p{u,w) is generated by f<^{p){u) U g^{p){w)). 

(2) Let hx '■ X ^ U he the natural map. Let p E X] let A = acl(A) be such 
that p is A-definable; and let c |= p\A, u = hx{c). Since tp{c/A{u)) is F-internal, 
by Lemma r2.7.1l (5) there exists an acl(A(M))-definable injective map j with j(c) G 
r"^. But acl(A(c)) n r = T{A). So j(c) = a G T{A), and c = j~\a) G acl(A(M)). 
Let f 1= c| acl(A('u)), and let 6{p) he the unique stably dominated, A-definable 
type extending tp{v/A). So 9{p) G V, and hx{p) = h^6{p). □ 

If f/ is a definable subset of an algebraic variety over VF, we endow U x 
^ f/ X r™ with the quotient topology for the surjective mapping U x A™ — > 

?7 X r™ induced by id x val. 

We will see below (as a special case of Lemma I3.4.3P that the topology on 
Too = Loo is the order topology, and the topology on = F™, is the product 
topology. 

If 6 is a closed ball in A^, let ph G A^ be the generic type of b: it can be defined 
by {Pb)*{f) = min{val/(x) : x G 6}, for any polynomial /. This applies even 
when b has valuative radius oo, i.e. consists of a single point. The generic type of 
a finite product of balls is defined by exactly the same formula; we have, in the 
notation of Remark [3.5.3[ pbxb' = Pb®Pb'- 

For 7 = (71, . . . , 7n) G F^, let 6(7) = {x = (xi, . . . , x„) G A'J' : val(a;i) > 7i, ^ = 
1, . . . ,n}. Let p^ = pb(^y 

Lemma 3.4.2. The map j : A" x Fqo — ?• A"+^, il^l) ^ Q^Py is continuous for 
the product topology o/A" with the order topology on F. 

Proof. We have to show that for each polynomial /(xi, ■ ■ ■ ,Xn,y) with 
coefficients in VF, the map (p, 7) j{p,'y)*f is continuous. The functions 
min and + extend naturally to continuous functions F^ — )• Foo- Now if 
f{xi, ■ ■ ■ ,Xn,y) is a polynomial with coefficients in VF, there exists a function 
P(7i, ■ ■ ■ ,7n,T) obtained by composition of min and +, and polynomials hi 
such that minvai(s,)=a val(/(a;i, ■ • ■ ,Xn, y)) = P(val(/ii(x)), ■ ■ ■ , val(/id(x)), a), 
namely, minvai(y)=a val(X; ^i(a;)z/*) = mini(val(/ii(x)) +ia). So P : T"^^ Foo is 
continuous. Hence j(p, 7)*/ = P(p*(/ii), . . . ,p*(^d), 7)- Continuity follows, by 
composition. □ 

Lemma 3.4.3. IfU is a definable subset of A"' x F^ and W is a definable subset 

of T^, the induced topology onUxW = UxW coincides with the product 
topology. 

Proof. We have seen that the natural map UxW^UxW is bijective; it is 
clearly continuous, where U x W is given the product topology. To show that it 
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is closed, it suffices to show that the inverse map is continuous, and we may take 

f/ = A" and = rj^. By factoring fT^G^ ^ iTxT^^xT^ UxT'^-^xT^, 
we may assume m = 1. Having said this, by pulhng back to A"+^ we may assume 
i = 0. The inverse map is equal to the composition of j as in Lemma [3.4.21 with 
a projection, hence is continuous. □ 



In the lemma below, F is not necessarily a field; it could be any structure 
consisting of field points and F-points. 

Lemma 3.4.4. Let V be a variety over a valued field F and let U he an F- 
definable subset of V . Let F be any structure consisting of field points and T- 
points, including at least one positive element ofT. Let F < A. If U{A) is open 
in V{A), then U(F) is open in V{F). 

Proof. Covering V by affines, we may assume V is affine. 

Assume ffist F C dcl(F). In particular, by assumption, F is not trivially 
valued. Let p G U{F). There exist regular functions Gi, . . . , Gn and intervals Ij 
of Too such that p G ^jgj~^{Ij) C f/, with Qj = val(G'j). By definability of p, 
and since F"'^ is an elementary submodel, we can choose Gi, . . . , G„ to be definef 
over over F"-^^ . So it suffices to show, for each j, that the intersection of Galois 
conjugates of (Jj) contains an open neighborhood of p in V{F). Let G = Gj, 
g = gj and / = Ij, and let C be the Galois conjugates of G over F, g^ = val(G'^). 

Let b 1= p. Then the G*^ are Galois conjugate over F{b), p being F-definable. 
The elements c^, = G'^{b) are Galois conjugate over F{b); they are the roots of a 
polynomial H{b, y) = Il,y{y — G'^{b)) = Y,m hn{b)y^. For all b' in some F-definable 
Zariski open set U' containing b, the set of roots of H{b',y) is equal to {G'^(6')}. 
Within U', the set of b' such that, for all u, g^{b') G / can therefore be written 
in terms of the Newton polygon of H{b',y), i.e. in terms of certain inequalities 
between convex expressions in val{hk{b')). This shows that the intersection of 
Galois conjugates of G^^(/) contains an open neighborhood of p. 

This argument shows more generally the topology of V{F) is the same as the 
topology induced from V^(acl(F)). Hence from now on we assume F is alge- 
braically closed. 

We now have to deal with the case that F is bigger than F; we may assume 
F is generated over F by finitely many elements of F, and indeed, adding one 
element at a time, that F = -^(7) for some 7 G F. Let c be a field element with 
val(c) = 7; it suffices to show that if U is open over F{c), then it is over F too. 
Let G(x, c) = J2 Gi{x)d be a polynomial (where x = (xi, . . . , V < A"-.) Let 
g{p, c) be the generic value of val(G(x, c)) at p and giip) the one of val(Gj). Then 
9{Pi c) = miuj gi{p) + ^7. From this the statement is clear. □ 
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Note that the lemma would not quite be true over a trivially valued field F, 
though it is true over the two-sorted {F, M); the latter will be used in the Berkovich 
setting. 

3.5. Simple points. For any definable set X, we have an embedding X X, 
taking a point x to the definable type concentrating on x. The points of the 
image are said to be simple. 

Lemma 3.5.1. Let X be a definable subset o/VF". 

(1) The set of simple points of X (which we identify with X) is a relatively 
definable dense subset of X . If M is a model o/ ACVF, then X{M) is 
dense in X{M) . 

(2) The induced topology on X agrees with the valuation topology on X . 

Proof. (1) For relative definability, note that a point of X is simple if and only if 
each of its projections to is simple and that on A^, the points are a definable 
subset of the closed balls (cf. Example 17. 1.2p . For density, consider (for instance) 
p G X{M) with > a. Then val/(x) > a A a; G X is satisfiable in M, hence 

there exists a simple point q G X{M) with > a. 

(2) Clear from the definitions. The basic open subsets of the valuation topology 
are of the form val/(a;) > a or val/(x) < a. □ 

We write VF* for VF" when we do not need to specify n. 

Lemma 3.5.2. Let f : U V be a definable map between definable subsets of 
VF* . // / has finite fibers, then the preimage of a simple point of V under f is 
simple in U . 

Proof. It is enough to prove that if X is a finite definable subset of VF", then 
X = X, which is clear by (1) of Lemma [3.5.11 □ 

Remark 3.5.3. The natural projection Sdef{U xV) ^ Sdef{U) x SdefiY) admits 
a natural section, namely ® : SdefiU) x SdefiV) — )► SdefiU x V). It restricts to 
a section oiU xV U xV. This map is not continuous in the logic topology, 
nor is its restriction ioUxV^UxV continuous. Indeed when U = V the 
pullback of the diagonal Au consists of simple points on the diagonal A^. But 
over a model, the set of simple points is dense, and hence not closed. 

3.6. v-open and g-open subsets, v+g-continuity. 

Definition 3.6.1. Let V be a an algebraic variety over a valued field F. A 
definable subset of V is said to be v-open if it is open for the valuation topology. 
It is called g-open if it is defined by a positive Boolean combination of Zariski 
closed and open sets, and sets of the first form above, {u : val/(-u) > vdlgiu)}. 
More generally, if is a definable subset of an algebraic variety W , a definable 
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subset of V is said to be v-open (resp. g-open) if it is of the form V (lO with O 
v-open (resp. g-open) in W. A definable subset of V" x is called v-or g-open 
if its pullback to V x A™ via id x val is. 

Remark 3.6.2. If X is A-definable, the regular functions / and g in the definition 
of g-openness are not assumed to be A-definable; in general when A consists of 
imaginaries, no such f,g can be found. However when A = dcl(F) with F a 
valued field, they may be taken to be F-definable, by Lemma 18.1.11 For A a 
substructure consisting of imaginaries, this is not the case. 

Definition 3.6.3. Let V be an algebraic variety over a valued field F or a de- 
finable subset of such a variety. A definable function h : V —> Fqo is called 
g-continuous if the pullback of any g-open set is g-open. A function h : V ^ W 
with W an affine F-variety is called g-continuous if, for any regular function 
/ : IV — )■ A^, val o f o h is g-continuous. 

Note that the topology generated by v-open subsets on Fqo is discrete on F, 
while the neighborhoods of oo in this topology are the same as in the order 
topology. The topology generated by g-open subsets is the order topology on F, 
with oo isolated. We also have the topology on Too coming from its canonical 
identification with Fqo, or the v+g topology; this is the intersection of the two 
previous topologies, that is, the order topology on Fqo- 

From now on let V be an algebraic variety over a valued field F or a definable 
subset of such a variety. We say that a definable subset is v+g-open if it is both 
v-open and g-open. If W has a definable topology, a definable function V ^ W 
is called v+g-continuous if the pullback of a definable open subset of W is both 
v-and g-open, and similarly for functions to V. 

Note that v, g and v+g-open sets are definable sets. Over any given model 
is possible to extend v to a topology in the usual sense, the valuation topology, 
whose restriction to definable sets is the family of v-open sets. But this is not 
true of g and of v+g; in fact they are not closed under definable unions. 

Any gf-closed subset W of an algebraic variety is defined by a disjunction 
\/iLi{^Hi A(f)i), with (pi a finite conjunction of weak valuation inequalities v{f) < 
v{g) and equalities, and Hi defining a Zariski closed subset. If W is also v-closed, 
W is equal to the union of the f-closures of the sets defined by -iHiA(j)i, 1 < i < m. 

Lemma 3.6.4. Let W be a v+g-closed definable subset of the affine space A" 
over a valued field. Then W is closed in A". More generally, if W is g-closed 
then cl{W) C cly{W), with civ denoting the v-closure. 

Proof. Let M be a model, p G A"(M), with p G cl{W{M)). We will show that 

p G cUiyV). Let {pi) be a net in W{M) approaching p. Let |= Pi\M. Let 
tp (a/M) be a limit type in the logic topology (so a can be represented by an 
ultraproduct of the Oj). For each i we have F(M(ai)) = F(M), but F(M(a)) 
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may be bigger. Consider the subset C of r(M (a)) consisting of those elements 
7 such that —a < 7 < a for all a > in T{M). Thus C is a convex subgroup 
of r(M(a)); let be the valued field extension of M with the same underlying 
M-algebra structure, obtained by factoring out C. Let a denote a as an element 
of A^. We have G W , so a G VT; since W is g-closed it is clear that a G W . 
(This is the easy direction of Lemma 18.1.11 ) Let h |= p\M. For any regular 
function / in M[f/], with U Zariski open in A", we have val/(aj) — )■ val/(6) in 
roo(M). In particular if val/(a) = 00, or just if val/(a) > val(M), then f{h) = 0. 
Let i? = {x G iV : (3m G M)(val(x) > val(m))}. Then i? is a valuation ring 
of N over M, with residue field isomorphic to M{b), the residue map taking a 
to b. Since a G W, it follows that b G cly{W) (see § 18.21 for more detail), hence 

p G djW). □ 

3.7. Canonical extensions. Let V be a definable set over some A and let / : 
V ^ W he a A-definable map (that is, a morphism in the category of pro- 
definable sets), where W is an A-definable subset of P" x F™. We can define a 
canonical extension to F : V ^ W, as follows. 

If p G V{M), say p\M = tp(c/M), let d \= f{c)\M{c). By transitivity of 
stable domination (Proposition 12.5.5]) . tp{cd/M) is stably dominated, and hence 
so is tp(rf/M). Let F(c) G W{M) be such that F(c)|M = tp(rf/M); this does not 
depend on d. Moreover F{c) depends only on tp(c/M), so we can let F{p) = F{c). 
Note that F : V ^ W is a pro-A-definable morphism. Sometimes the canonical 
extension F of f will be denoted by / or even by /. 

Lemma 3.7.1. Let f : V ^ W be a definable function, where V is an algebraic 
variety and W is a definable subset o/P" x F™. Let X be a definable subset of 
V. Assume f is g-continuous and v-continuous at each point of X; i.e. f^^{G) 
is g-open whenever G is open, and f^^{G) is open at x whenever G is open, for 
any x G X fl f^^{G) . Then the canonical extension F is continuous at each point 
ofX. 

Proof. The topology on P" may be described as follows. It is generated by the 
preimages of open sets of F^ under continuous definable functions P" — )■ F^ of 
the form: {xq : . . . : a;„) t-)- (val(xQ) : . . . : val(x^) : va\{hi) : . . . : val(/iAr_„)) for 
some homogeneous polynomials hi{xo : . . . : x„) of degree d; where in F^ we define 
{uq : . . . : Um) to be (mq — u^, . . . ,Um — m*), with = minwj. Composing with 
such functions we reduce to the case of FJ^, and hence to the case of f : V ^ Fqo- 
Let U = f~^{G) be the /-puUback of a definable open subset G of Too- Then 
F~^{G) = U . Now U is g-open, and v-open at any x G X fl ?7. By Lemma [3.6.41 
applied to the complement of f/, it follows that U is open at any x G X. □ 

Lemma 3.7.2. Let K be a valued field and V be an algebraic variety over K . Let 
X be a K-definable subset of V and let f : X ^ W be a K-definable function. 
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with W is a K -definable subset o/P" x T^. Assume f is v+g- continuous. Then 
f extends uniquely to a continuous pro-K -definable morphism F : X ^ W . 

Proof. Existence of a continuous extension follows from Lemma I3.7.1I There is 
clearly at most one such extension, because of the density in X of the simple 
points X(U), cf. Lemma [3.5.11 □ 

Lemma 3.7.3. Let K be a valued field and V be an algebraic variety over K . 
Let f : I V be a g-continuous K-definable function, where I = [a, b] is a 

closed interval. Let ij denote one of a or b and cj denote the remaining point. 
Let X be a K-definable subset of V . Assume f restricts to a definable function 
g : I X X ^ X and that f is v -continuous at every point of I x X . Then g 
extends uniquely to a continuous pro-K -definable morphism G : I x X ^ X . If 
moreover, for every v ^ X, g{ii,v) = v and g{ei,v) G Z, with Z a T -internal 
subset, then G{ii,x) = x, and G{ej,x) G Z. 

Proof. Since IxV = IxVhY Lemma 13.4. 1^ the first statement follows from 
Lemma [3. 7. 11 by considering the pull-back of / in A^. The equation G{ii,x) = x 
extends by continuity from the dense set of simple points to X. We have by 
construction G{ei, x) G Z, using the fact that any stably dominated type on Z is 
constant. □ 



3.8. Good metrics. By a definable metric on an algebraic variety V over a 
valued field F, we mean an F-definable function d : V"^ ^ Too which is v+g- 
continuous and such that 

(1) d{x,y) = d{y,x); d{x,x) = oo. 

(2) d{x,z) > mm{d{x , y) , d{y , z)) , 

(3) If d{x, y) = oo then x = y. 

Note that given a definable metric on V, for any v & V, B{v;d,'y) := {y : 
d{v, y) > 7} is a family of g-closed, v-clopen sets whose intersection is {v}. 

We call d a good metric if there exists a v+g-continuous definable function 
p : y — 7- r (so piy) < 00), such that for any v &V and any a > p(f ), B{v; d, a) 
has a unique generic type; i.e. if there exists a definable type p such that for any 
Zariski closed V ^ V not containing B[v] d, a) and any regular f on V \ V, p 
concentrates on B{v]d,a) \ V, and attains the minimum valuation of / 

on B{v] d, a) \ V. Such a type is orthogonal to F, hence stably dominated. 

Lemma 3.8.1. (1) P" admits a good definable metric, with p = 0. 

(2) Let F be a valued field, V a quasi- projective variety over F . Then there 
exists a definable metric on V . 

Proof. Consider first the case of P^ = U {00}. Define d{x,y) = d{x^^ ,y^^) = 
val(x — y) if x,y G 0, d{x,y) = if v{x),v{y) have different signs. This is easily 
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checked to be consistent, and to satisfy the conditions (1-3). It is also clearly v+g- 
continuous. If F < i^' is a valued field extension, vr : T{K) — t- F a homomorphism 
of ordered Q-spaces extending T{F), and K = {K,tt o v), we have to check 
(Lemma IS.l.ip that ■n{dK{x,y)) = dyi{x,y). li x,y e 0^ then x, y G Ok and 
7rdK{x,y) = nv^ix — y) = dy^^x^y). Similarly for x~^,y~^. If v{x) < < v{y), 
then v{x — y) < so tt{v{x — y)) < 0, hence d-K{x,y) = = dK{x,y). This proves 
the g-continuity. It is clear that the metric is good, with p = 0. 

Now consider P" with homogeneous coordinates [Xq X„] . For < i < n 

denote by Ui the subset G : 7^ A inf val(Xj/Xi) > 0}. If x and y 
belong both to Ui one sets d{x, y) = inf val{Xj/Xi — Yj/Yj). If x & Ui and y ^ U, 
one sets d{x,y) = 0. One checks that this definition in unambigous and reduces 
to the former one when n = 1. The proof it is v+g-continuous is similar to the 
case n = 1 and the fact it is good with p = is clear. This metric restricts to a 
metric on any sub variety of P". □ 

A good metric provides, in a uniform way, the kind of descending family of 
closed balls that we noted for curves; but uniqueness of the germ of this family 
is special to curves. 

3.9. Zariski topology. We shall occasionally use the Zariski topology on V. If 
V is an algebraic variety over a valued field, a subset of V of the form F with F 
Zariski closed, resp. open, in V is said to be Zariski closed, resp. open. Similarly, 
a subset £^ of \^ is said to be Zariski dense in ^ if \^ is the only Zariski closed 
set containing E. For X G V, the Zariski topology on X is the one induced from 
the Zariski topology on V. 

4. Definable compactness 

4.1. Definition of definable compactness. Let X be a definable or 
pro-definable topological space in the sense of § 13.21 Let p be a definable type 
on X. 

Definition 4.1.1. A point a G X is a limit oi p if for any definable neighborhood 
U oi a (defined with parameters), p concentrates on U. 

When X is Hausdorff, it is clear that a limit point is unique if it exists. 

Definition 4.1.2. Let X be a definable or pro-definable topological space. One 
says X is definably compact if any definable type p on X has a limit point in X. 

For subspaces of F" with F o-minimal, our definition of definable compactness 
Definition 14.1.21 lies between the definition of [23j in terms of curves, and the 
property of being closed and bounded; so all three are equivalent. This will be 
treated in more detail later. 
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4.2. Characterization. A subset of VF*^ is said to be bounded if for some 7 in 
r it is contained in {(xi, . . . ,Xn '■ v{xi) > 7, 1 < ^ < n}. This notion extends 
to varieties V over a valued field, cf., e.g., |26] p. 81: X C V is defined to 
be bounded if there exists an affine covering V = U^^^f/j, and bounded subsets 
Xj C Ui, with X C U^iXi. Note that projective space P" is bounded within 
itself, and so any subset of a projective variety V is bounded in V. 

We shall say a subset of is bounded if it is contained in [a, 00]"^ for some 
m. More generally a subset of VF" x FJJ is bounded if its pullback to VF"^™ is 
bounded. 

We will use definable types as a replacement for the curve selection lemma, 
whose purpose is often to use the definable type associated with a curve at a 
point. Note that the curve selection lemma itself is not true for Foo, e.g. in 
{{x,y) G F^ : y > 0,x < 00} there is no curve approaching (00, 0). 

Note that if \^ is a definable set, the notion of definable type on the strict 
pro-definable set V makes sense, since the notion of a definable *-type, i.e. type 
in infinitely many variables, or equivalently a definable type on a pro-definable 
set, is clear. 

Let y be a definable subset of Foo- Let g be a definable type on Y. Then 
limg be the unique a G y, if any, such that q concentrates on any neighborhood 
of a. It is easy to see that if Y is bounded then a exists, by considering the 
g(x)-definition of the formula x > y; it must have the form y < a ot y < a. 

Let \^ be a definable set and let g be a definable type on V. Clearly limg 
exists if there exists r & V such that for any continuous pro-definable function 
f : V ^ Foo, lini/*(g) exists and 

/(r) = lim/^(g). 

If r exists it is clearly unique, and denoted limg. 

Lemma 4.2.1. Let V be an affine variety over a valued field and let q be a 
definable type on V . We have limg = r if and only if for any regular H on V , 
setting h = val o H , 

r^{h) = \imh^{q). 

Proof. One implication is clear, let us prove the reverse one. Indeed, by hypothe- 
sis, for any pro-definable neighborhood W of a, p implies x G W. In particular, if 
f/ is a definable neighborhood of /(a), p implies x G f^^{U), hence /*(j9) implies 
X eU. It follows that lim/^,(p) = f{a). □ 

Lemma 4.2.2. Let X be a bounded definable subset of an algebraic variety V 
over a valued field and let q be a definable type on X . Then limg exists in V. 

Proof. It is possible to partition V into open affine subsets such that X intersects 
each affine open in a bounded set. We may thus assume V is affine; and indeed 
that X is a bounded subset of A". For any regular H on V, setting h = val o H, 
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h{X) is a bounded subset of Too and is a definable type on h{X), hence has 
a hmit hm h^:{q). 

Now let K be an algebraically closed valued field containing the base of defi- 
nition of V and q. Fix d \= q\K and a |= pd\K{d), where pd is the type coded 
by the element d eV. Let B = T{K), N = K{d,a) and B' = T{N). Hence B 
is a divisible ordered abelian group. We have r(A^) = r{K{d)) by orthogonality 
to r of pd- Since q is definable, for any e G B', tp{e/B) is definable; in partic- 
ular the cut of e over B is definable. Set B'q = {b' G B' : {3b G B)b < b'}. It 
follows that if e G -Bq there exists an element 7r(e) G i? U {00} which is nearest 
e. Note IT : B'q B^ is an order-preserving retraction and a homomorphism in 
the obvious sense. The ring i? = {a G K{d) : val(a) G -Bq} is a valuation ring of 
K{d), containing K. Also d has its coordinates in R, because of the boundedness 
assumption on X. Consider the maximal ideal M = {a G K{d) : val(a) > B} 
and set K' = R/M. We have a canonical homomorphism R[d] — )■ K'; let d' be 
the image of d. We have a valuation on i^'' extending the one on K, namely 
val(a; + M) = 7r(val(a:;)). So K' is a valued field extension of K, embeddable in 
some elementary extension. Let r = tp{d'/K). Then r is definable and stably 
dominated; the easiest way to see that is to assume K is maximally complete 
(as we may); in this case stable domination follows from r{K{d')) = T{K) by 
Theorem 12.8.21 The fact that r*(/i) = lim/i^,(g) is a direct consequence from the 
definitions. □ 

Let \^ be a definable set. According to Definition 14.1.21 a pro-definable X 
is definably compact if for any definable type g on X we have limg G X. 

Remark 4.2.3. Under this definition, any intersection of definably compact sets 
is definably compact. In particular an interval such as n,i[0, 1/n] in F. However 
we mostly have in mind strict pro-definable sets. 

Lemma 4.2.4. Let V be an algebraic variety over a valued field, Y a closed pro- 
definable subset of V . Let q be a definable type on Y, and suppose limg exists. 
Then limg G Y . 

Hence if Y is bounded (i.e. it is a subset of X for some bounded definable 
X ^V) and closed in V, then Y is definably compact. 

Proof. The fact that lim g G F when Y is closed follows from the definition of the 
topology on V. The second statement thus follows from Lemma 14.2.21 □ 

Definition 4.2.5. Let T be a theory with universal domain U. Let F be a stably 
embedded sort with a 0-definable linear ordering. Recall T is said to be metastable 
over F if for any small C C U, the following condition is satisfied: 

(MS) For some small B containing C, for any a belonging to a finite product 
of sorts, tp{a/B,T{Ba)) is stably dominated. 
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Such a S is called a metastability base. It follows from Theorem 12.18 from 
[li] that ACVF is metastable. 

Let T be any theory, X and Y be pro-definable sets, and f : X ^ Y a surjective 
pro-definable map. The / induces a map fdef '■ Sdef{X) — > SdefiX) from the set 
of definable types on X to the set of definable types on Y . 

Lemma 4.2.6. Let f : X Y a surjective pro- definable map between pro- 
definable sets. 

(1) Assume T is o-minimal. Then fdef is surjective. 

(2) Assume T is metastable over some o-minimal T . Then fdef is surjective, 
moreover it restricts to a surjective X ^ Y . 

Remarks 4.2.7. (1) It is not true that either of these maps is surjective over 
a given base set F, nor even that the image of Sdef{X) contains Y{F) 
(e.g. take X a finite set, F a point). 
(2) It would also be possible to prove the C-minimal case analogously to the 
o-minimal one, as below. 

Proof. First note it is enough to consider the case where X consists of real ele- 
ments. Indeed if X, Y consist of imaginaries, find a set X' of real elements and a 
surjective map X' — )■ X; then it sufices to show Sdef{X') — > Sdef{Y) is surjective. 

The lemma reduces to the case that X C [/ x F is a complete type, f : X ^ Y 
is the projection, and U is one of the basic sorts. Indeed, we can first let U = X 
and replace X by the graph of /. Any given definable type r{y) in Y restricts 
to some complete type ro(?/), which we can extend to a complete type rQ{u,y) 
implying X. Thus we can take X C f/ x F to be complete. Now writing an 
element of X as a = (6, ai, 02, . . .), with b & Y and (oi, a2, . . .) G U, given the 
lemma for the case of 1-variable U, we can extend r{y) to a definable type one 
variable at a time. Note that when X = |im Xj , we have Sdef{X) = |im Sdefi^j) 
naturally, so at the limit we obtain a definable type on X. If X is pro-definable 
in uncountably many variables, we repeat this transfinitely. 

Let us now prove (1). We can take X, Y to be complete types with X C F x F , 
and / the projection. It follows from completeness that for any b E Y, f^^{b) is 
convex. Let r{y) be a definable type in Y. Let M be a model with r defined over 
M, let b 1= r|M, and consider f~^{b). 

If for any M, x G X&/(x) |= r\M is a complete type p\M over M, then 
X G X Up(/(x)) already generates a definable type by Lemma [2 . 3 . 1 1 and we are 
done. So, let us assume for some M, and b \= p|M, x G X&/(x) = b does not 
generate a complete type over M{b). Then there exists an M(6)-definable set D 
that splits f~^{b) into two pieces. We can take D to be an interval. Then since 
f^^{b) is convex, one of the endpoints of D must fall in f~^{b). This endpoint is 
M(6)-definable, and can be written h{b) with h an M-definable function. In this 
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case tp(6, h{b)/M) is M-definable, and has a unique extension to an M-definable 
type. 

In either case we found p G S(ief{X) with f^{p) = r. Note that the proof works 
when only X is contained in the definable closure of an o- minimal definable set, 
for any pro-definable Y. 

For the proof of (2) consider r G Sdef{y)- Let M be a metastability base, 
with /, X, Y, and r defined over M. Let b \= r\M, and let c G f^^{b). 
Let bi enumerate T{M{b)). Then tp(6/M(6i)) = r'\M{bi) with r' stably domi- 
nated, and tp(6i/M) = ri\M with ri definable. Let Ci enumerate G{M{c)); then 
tp(c6/M(ci)) = q'\M{ci) with g' stably dominated. By (1) it is possible to extend 
tp(ci6i/M) U ri to a definable type qi{xi,yi). Let M -< M' with qi defined over 
M', with ci6i [= gi|M', and cb |= g'|M'(ci6i). Then tp(6c/M') is definable, and 
tp(6/M') = r\M'. Let p be the M'-definable type with p\M' = tp(6c/M'). Then 
f*{p) = r. 

The surjectivity on stably dominated types is similar; in this case there is no 
bi, and qi can be chosen so that Ci G M'. Indeed tp(ci/M) implies tp(ci/Af(6)) 
so it suffices to take M' containing M(ci). □ 

Proposition 4.2.8. Let X and Y be definable sets and let f : X Y be a 

continuous and surjective morphism. Let W be a definably compact pro-definable 
subset of X. Then f{W) is definably compact. 

Proof. Let g be a definable type on f{W). By Lemma r4.2.6l there exists a definable 
type r on with /=i,(r) = q. Since W is definably compact, limr exists and 
belongs to W. But then limg = /(limr) belongs to f{W) (since this holds 
after composing with any continuous morphism to Too). So f{W) is definably 
compact. □ 

Lemma 4.2.9. Let V be an algebraic variety over a valued field, and let W be 
a definably compact pro-definable subset of V x . Then W is contained in X 
for some bounded definable v+g closed subset XofVx FJJ. 

Proof. By using Proposition 14.2.81 for projections V x F™ — )■ V and V x F™ 
Too, one may assume W is a pro-definable subset of Fqo or V. The first case 
is clear. For the second one, one may assume V is aflfine contained in A" with 
coordinates (xi, ■ ■ ■ , Consider the function min val(a;j) on V, extended to V; 
it's a continuous function on V. The image of ly is a definably compact subset 
of Foo, hence is bounded below, say by a. Let X = {(xi, . . . , x„) : val(a;j) > a}. 
Then W CX. □ 

By count ably-pro-definable set we mean a pro-definable set isomorphic to one 
with a countable inverse limit system. Note that V is countably pro-definable. 

Lemma 4.2.10. Let X be a strict, countably pro-definable set over a model M, 
Y a relatively definable subset of X over M. IfY^^ then Y{M) ^ 0. 
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Proof. Write X = |im Xn with transition morphisms 7rm,n '■ Xm — )■ X„, and 
Xn and 'n'm,n definable. Let vr^ : X — )■ X„ denote the projection. Since X is 
strict pro-definable, the image of X in X„ is definable; replacing X„ with this 
image, we may assume 7r„ is surjective. Since Y is relatively definable, it has 
the form 7r~^(y„) for some nonempty Yn C X„. We have Yn 7^ 0, so there exists 
a„ e y„(M). Define inductively G Fml-^) for m > n, choosing G F^Ij^) 
with 7rm,m-i(am) = ctm-i- For m < let = 7r„,m(a„). Then (om) is an element 
ofX(M). ' □ 

Let X be a pro-definable set with a definable topology (in some theory). Given 
a model M , and an element a of X in some elementary extension of M, we say that 
tp (a/M) has a limit 6 if 6 G X(M), and for any M-definable open neighborhood 
U of 6, we have a & U. 

Lemma 4.2.11. Let M be an elementary submodel o/FJ^, and po = tp(a/M). 
Assume limpo exists. Then there exists a (unique) M-definable type p extending 
Po- 

Proof. In case n = 1, tp (a/M) is determined by a cut in roo(M). If this cut is 
irrational then by definition there can be no limit in M. So this case is clear. 

We have to show that for any formula (j){x,y) over M, x = {xi, . . . ,Xn),y = 
{yi, . . . , ym), {c G M : 0(a, c)} is definable. Any formula is a Boolean combination 
of unary formulas and of formulas of the form: J2 ^i^i + S /^jVj + 7 o 0, where 
i,j range over some subset of {1, . . . , n}, {1, . . . , m} respectively, a,, Pj G Q, 7 G 
r(M), and o G {=,<}. This case follows from the case n = 1 already noted, 
applied to tp(X] ctiCtj/M). □ 

Proposition 4.2.12. Let X be a pro-definable subset of V x with V an 
algebraic variety over a valued field. Let a belong to the closure of X. Then there 
exists a definable type on V concentrating on X , with limit point a. 

Proof. We may assume V is affine; let V = V x F™, so V x F™ = V. Since X 
is a pro-definable subset of V' we may write X = fljg/Xj, with Xj a relatively 
definable subset of V'. We may take the family (Xj) to be closed under finite 
intersections. 

Let M be a metastability base model, over which the Xj and a are defined. Let 
U be be the family of M-definable open subsets U of V with a E U. Given any 
f/ G U and i E I, choose bu^i G (Xj fl U){M); this is possible by Lemma [4.2.101 
Let p^j = 6^^j|M. Choose an ultrafilter yU on IX x / such that for any Uq Ell and 
io G /, 

{iU,t) eUxI:UC f/o,Xj C XjJ G /i 
By compactness of the type space, there exists a limit point pm of the points pu^i 
along /i, in the type space topology. In other words for any M-definable set W, 
if W E Pm then W G pu,i for /i-almost all {U,i). In particular, Pm{x) implies 
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X G Xj for each i, so Pm{x) implies x E X. On the other hand a is the hmit of the 
bu^i along /i in the space V'{M). View pm as the type of elements of V over M , of 
F-rank p say; let / = (/i, . . . , fp) be an M-definable function V T witnessing 
this rank. Since V is affine we can take /j to have the form val(Fj), with Fi a 
polynomial, or coordinate functions on F^. Since a is stably dominated, /*(a) 
concentrates on a single point a G F^. 

By definition of the topology on V, and since a is the /i-limit of the pu^i in 
V, lim^ = a. In particular, for any M-definable open neighborhood W 
of a in F'', f^^ipu^i) G for almost all {U,i). So f^{pu,i) concentrates on W for 
almost all {U,i), and hence so does f\.{pM)- Thus f*{pM) has a as a limit. By 
Lemma 14.2.11^ f^ipu) is a definable type. By metastability, Pm is a definable 
type, the restriction to M of an M-definable type p. To show that the limit of p 
is a, it suffices to consider M-definable neighborhoods Uq of a in y ; for any such 
f/o, we have hu^i G f/o for all U with f/ C f/g, so a G Uq. □ 

Corollary 4.2.13. Let X he a pro-definable subset of V with V an algebraic 
variety over a valued field. If X is definably compact, then X is closed in V. 
Moreover X is contained in a bounded subset of V . If X is a definably compact 
pro-definable subset of V x FJ^, then again X is closed. 

Proof. We may embed in a complete variety V. The fact that X is closed in V 
is immediate from Proposition 14.2 . 1^ and the definition of definable compactness. 
Let Z be the complement of V in V. Then X is disjoint from Z. Let 7 be any 
continuous function into Foo, taking values in F for arguments outside Z, and 00 
on Z. Then ^{X) is a definably compact subset of F, hence bounded above by 
some a. So X is contained in {x : 7(0;) < a} which is bounded. □ 

Even for Th(F), definability of a type tp(a6/M) does not imply that tp(a/M(6)) 
is definable. For instance b can approach 00, while a ah for some irrational 
real a, i.e. qb < a < q'b if q, q' E Q, q < a < q'. However we do have: 

Lemma 4.2.14. Let p be a definable type ofT, over A. Then up to a definable 
change of coordinates, p decomposes as the join of two orthogonal definable types 
Pf,Pi, such thatpf has a limit in F™', and pi has limit point 00^. 

Proof. Let be a maximal set of linearly independent vectors in Q" 

such that the image of p under [xi, . . . ,Xn) H- J2<^i^i has a limit point in 
G. Let /?!, . . . , Pe be a maximal set of vectors in Q" such that for x \= p\M, 
PiX, ■ ■ ■ , PiX are linearly independent over M. If a |= p\M, let a' = 
(ttio, . . . , Ofco), a" = {(3ia, . . . , (3ka). For a G Q(ai, . . . , ak) we have aa is bounded 
between elements of M. On the other hand each /3a, with f3 G Q(/3i, . . . , Pk), sat- 
isfies Pa > M or Pa < M. For if m < Pa" < m' for some m G M, since 
tp (/3a"/M) is definable it must have a finite limit, contradicting the maximality 
of k. It follows that tp(aa/M) Utp(/3a/M) extends to a complete 2-type, namely 
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tp((aa, /3a)/M); in particular tp(aa + /3a/M) is determined; from this, by quanti- 
fier elimination, tp(a'/M) Utp(a"/M) extends to a unique type in k + i variables. 
So tp(a'/M) and tp(a"/M) are orthogonal. After some sign changes in a", so 
that each coordinate is > M, the lemma follows. □ 

Remark 4.2.15. It follows from Lemma [4.2.141 that to check for definable com- 
pactness of X, it suffices to check definable maps from definable types on F'^ that 
either have limit 0, or limit oo. From this an alternative proof of the g- and 
v-criteria of §9 for closure in V can be deduced. 

Lemma 4.2.16. Let S be a definably compact definable subset of an o-minimal 
structure. IfD is a uniformly definable family of nonempty closed definable sub- 
sets of S, and D is directed (the intersection of any two elements of Ti contains 
a third), then nD 7^ 0. 

Proof. By Lemma 2.19 of [16] there exists a cofinal definable type q{y) on D; 
concentrating, for each U G D, on {V ^T) -.V <ZU}. 

Using the lemma on extension of definable types Lemma [4. 2. 6[ let r(w, y) be a 
definable type extending q and implying w & Uyf} S . Let p{w) be the projection 
of r to the w- variable. By definable compactness limp = a exists. Since a is a 
limit of points in D, we have a E D for any D E T). So a G flD. □ 

Lemma 14.2.161 gives another proof that a definably compact set is closed: let 
T) = {S \ U}, where U ranges over basic open neighborhoods of a given point a 
of the closure of S. 

Proposition 4.2.17. Let V be an algebraic variety over a valued field, and let 
W be a pro-definable subset ofVx FjJ,- Then W is definably compact if and only 
if it is closed and bounded. 

Proof. If W is definably compact it is closed and bounded by Lemma 14.2.131 and 
14.2.91 If W is closed and bounded, its preimage W in x A"* under id x val 
is also closed and bounded, hence definably compact by Lemma 14.2.41 It follows 
from Proposition 14.2.81 that W is definably compact. □ 

Proposition 4.2.18. Let V be a variety over a valued field F, and let W be an 

F -definable subset of V x F™. Then W is v+g-closed (resp. v+g-open) if and 
only ifW is closed (resp. open) in V . 

Proof. A Zariski-locally v-open set is v-open, and similarly for g-open; hence for 
v+g-open. So we may assume V = A'^ and by pulling back to V" x A"^ that 
m = 0. It enough to prove the statement about closed subsets. Let Va = (cO)" 
be the closed polydisk of valuative radius a = val(c). Let Wa = W (iVa, so 
Wa = W ri Va- Then W is v-closed if and only if Wa is v-closed for each a; by 
Lemma I8.1.2[ the same holds for g-closed; also W is closed if and only if Wa is 
closed for each a. This reduces the question to the case of bounded W. 
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By Lemma I3.6.4[ if W is v+g-closed then W is closed. 

In the reverse direction, if W is closed it is definably compact. It follows that 
W is v-closed. For otherwise there exists an accumulation point w of W, with 
w = {wi, . . . ,Wm) 4- ^ ■ Let b{y) = min^j^ val(f j — Wj). Then 6{v) G F for t> G W, 
i.e. 6{v) < oo. Hence the induced function 6 : W ^ Fqo also has image contained 
in F; and 6{W) is definably compact. It follows that 6{W) has a maximal point 
7o < oo. But then the 70-neighborhood around w contains no point of W, a 
contradiction. 

It remains to show that when W is definably compact, W must be g-closed. 
This follows from Lemma [8.1.31 □ 

Corollary 4.2.19. Let V be an algebraic variety over a valued field, and let W 
be a definable subset ofVx FJ^. Then W is bounded and v+g-closed if and only 
if W is definably compact. 

Proof. Since W is v+g-closed if and only if W is closed by Lemma 14.2.181 this is 
a special case of Proposition 14.2.171 □ 

Lemma 4.2.20. Let V be an algebraic variety over a valued field and let Y be a 
v+g-closed, bounded subset of V x F™. Let W be a definable subset of V x T^, 
with V another variety, and f : Y W be continuous. Then f is a closed map. 



Proof. By Propositions 14.2.181 and 14.2.171 Y is definably compact and any closed 
subset of Y is definably compact, so the result follows from Proposition 14.2.81 and 
14.2.131 □ 

Lemma 4.2.21. Let X and Y be v+g-closed, bounded definable subsets of a 
product of an algebraic variety over a valued field with some F™. Then, the 
projection X xY ^Y is a closed map. 

Proof. By Lemma 14.2.201 the mapping X xY Y is closed. Since this map 
factorizes a.sXxY-^XxY~^Y., the mapping on the right, X x F — )■ F, is 
also closed. □ 

Corollary 4.2.22. Let U and V be v+g-closed, bounded definable subsets of a 
product of an algebraic variety over a valued field with some FJJ. If f : U V 
is a pro-definable morphism with closed graph, then f is continuous. 

Proof. By Lemma [4. 2. 2H the projection vri from the graph of / to t/ is a homeo- 
morphism onto the image. The projection 1x2 is continuous. Hence / = vr27rf ^ is 
continuous. □ 

Lemma 4.2.23. Let f : V ^ W be a proper morphism of algebraic varieties. 
Then f is a closed map. So is f x Id : V x FJ^ W x F™. 
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Proof. V X rjj can be identified with a subset S oiVx A™ (projecting on generics 
of balls around zero in the second coordinate); with this identification, / x Id 

identifies with the restriction of / x Ha™ to S. Thus the second statement, for 
V X r™, reduces to first for the case of the map f x Id : V x A™ W x A™. 

To prove the statement on f : V ^ W, let V, W be complete varieties con- 
taining V, W, and let V be the closure of the graph of / in V"' x W'. The 
map Id X f : V X V ^ V X W is closed by properness (universal closedness). 
So the graph of /, a subset oi V x W, is closed as a subset of V' x W. Let 
n : V ^ W be the projection. Then 7[^^{W) (1 V' x W. Since / is closed in 
V' X W, f = 7r|(7r"^(iy)). Now vf is a closed map by Lemma 111^201 So the 
restriction / is a closed map too. (We could also obtain the result directly from 
Lemma □ 

Remark 4.2.24. The previous lemmas apply also to oo-definable sets. 

Lemma 4.2.25. Let X be a v+g-closed bounded definable subset of an algebraic 
variety V over a valued field. Let f : X ^ Too be v+g- continuous. Then the 
maximum of f is attained on X . Similarly if X is a closed bounded pro-definable 
subset ofV. 

Proof. By Lemma 13.7.2^ / extends continuously to F : X ^ Too- By Lemma 
14.2.181 and Proposition 14.2.171 X is definably compact. It follows from Lemma 
14.2.81 that F{X) is a definably compact subset of Too and hence has a maximal 
point 7. Take p such that F{p) = 7, let c \= p, then /(c) = 7. □ 

For F", Proposition 14.2.171 is a special case of j23|. Theorem 2.1. 

5. A CLOSER LOOK AT V 

5.1. A" and spaces of semi-lattices. Let K he a valued field. Let H = be 
a vector space of dimension A^. By a lattice in H we mean a free 0-submodule of 
rank N . By a semi-lattice in H we mean an 0-submodule u of if, such that for 
some i^-subspace Uq of H we have Uq u and u/Uq is a lattice in H/Uq. Note 
that every semi-lattice is uniformly definable with parameters and that the set 
L{H) of semi-lattices in H is definable. Also, a definable 0-submodule u oi H 
is a semi-lattice if and only if there is no 7^ f G if such that Kv fl m = {0} or 
Kv n M = Mf where M is the maximal ideal. 

We define a topology on L{H): the pre-basic open sets are those of the form: 
{u : h ^ u} and those of the form {u : h E JAu}, where h is any element of H. 
We call this family the linear pre-topology on L{H). 

Any finitely generated 0-submodule of is generated by < A^ elements; 
hence the intersection of any finite number of open sets of the second type is the 
intersection of A^ such open sets. However this is not the case for the first kind, 
so we do not have a definable topology in the sense of Ziegler. 
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We say that a definable subset X of L{Hd) is closed for the linear topology if 
for any definable type q on X, if q has a limit point a in L{H^, then a & X. 
The complements of the pre-basic open sets of the linear pre-topology are clearly 
closed. 

Another description can be given in terms of linear semi-norms. By a linear 
semi-norm on a vector space V over K we mean a definable map w : y — > Too with 
w{xi+X2) > min(w(a;i)+-u;(a;2)) and U'(ca;) = val(c)+t(7(a;). Any linear semi-norm 
w determines a semi-lattice A^^,, namely A^^, = {x : w{x) > 0}. Conversely, any 
semi-lattice A e LV has the form A = A^^ for a unique w. We may thus identify 
LV with the set of linear semi-norms on V . On the set of semi-norms there is a 
natural topology, with basic open sets of the form {w : {w{fi), . . . , w{fk)) G O}, 
with /i, . . . /fc G F and O an open subset of F^. The hnear pre-topology on LV 
coincides with the semi-norm topology. 

We say X is bounded if the pullback to End{Hd) is bounded. 

Lemma 5.1.1. The space L{H) with the linear pre-topology is Hausdorff. More- 
over, any definable type on a bounded subset of L{H) has a (unique) limit point 
in L{H). 

Proof. Let u' ^ u" e L{H). One, say u', is not a subset of the other. Let 
a E u',a ^ u". Let I — {c E K : ca E u"}. Then I — Ocq for some Cq with 
val(co) > 0. Let Ci be such that < val(ci) < val(co) and let a' = Cia. Then 
a' G Mm' but a' ^ u". This shows that u' and u" are separated by the disjoint 
open sets {u : a' ^ u} and {u : a' E Mm}. 

For the second statement, let Ba — B{Q,a) = {x : val(a;) > a} be the closed 
ball of valuative radius a. Then B'^ is a closed subset of A"*. Let Za be the set 
of semi-lattices u E L(H) containing all the linear monomials cXj, i = 1, . . . ,m, 
with val(c) > —a. Then J^^{Za) = B^- Note that is closed. Any bounded 
subset of L{H) is contained in Z^ for some a, so for the "moreover", it suffices 
to see that Z^, is definably compact in the linear topology. Let p be a definable 
type on Z^- Let 

A = {h E H : {dpx){h E x)} 

the "generic intersection" of the semi-lattices on which p concentrates. A is a 
submodule of H containing Z^, hence generating H as a. vector space. U h E A, 
but Kh is not contained in A, then for any a E H there exists a unique minimal 
7 e F with 7 = val(c) for some c with ch E a; write 7 = 7(0)- Then 7 is 
generically constant on p, i.e. 7(a) = 70 for a \= p. If val(c) = 70 then A fl Kh = 
Oh. So A is a semi-lattice, A E L{H). It is easy to see that any pre-basic open 
set containing A must also contain a generic point of p. □ 

Let Hm-^cL be the space of polynomials of degree < d m. m variables. For the 
rest of this subsection m will be fixed; we will hence suppress the index and write 
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Lemma 5.1.2. For p inA"^, the set 

Jd{p) = {heHd: p*(val(/i)) > 0} 

belongs to L{Hd). 

Proof. Note that Jd{p) is a definable 0-submodule of Hd- For fixed nonzero 
ho e Hd, it is clear that Jdip) H Kho = {a E K : ap^{yal{ho)) > 0} is either a 
closed ball in K, or all of K, hence Jdip) is a semi- lattice. □ 

Hence we have a mapping Jd = Jd,m '■ A^ L{Hd) given by p h-t- Jd{p)- It is 
clearly a continuous map, when Hd is given the linear pre-topology: / ^ Jdip) if 
and only if > 0, and / e '}A.Dd,m{p) if and only if < 0. 

Lemma 5.1.3. The system {Jd)d=i,2,... induces a continuous morphism of pro- 
definable sets 

J : — > ]im L(Hd). 

The morphism J is injective and induces a homeomorphism between A"^ and its 
image. 

Proof. Let / : A"* x Hd ^ given by {x,h) i->- val{h{x)). Since Jd factors 
through Yh^j, J is a morphism of pro-definable sets. 

For injectivity, recall that types on A" correspond to equivalence classes of 
i^-algebra morphisms ip : K[xi, - ■ ■ , Xn] F with F a valued field, with ip and 
(f' equivalent if they are restrictions of a same </?". In particular, if (pi and (f2 
correspond to different types, one should have 

{/ e K[x,, • • • ,xj : y^KMf)) >0}^{fe K[xi, • • • : val((^2(/)) > 0}, 
whence the result. 

We noted already continuity. To see that J is an open map onto the image, 
since bijective maps commute with finite intersections and arbitrary unions, it 
suffices to see that the image of a generating family of open sets S is open. For 
this it suffices to see that Jd(S) is open for large enough d. The topology on A" 
is generated by sets of the form {p : p*{f) > 7} or {p : < 7}, where f E Hd 

for some d. Replacing / by of for appropriate p, it suffices to consider sets of 
the form {p : > 0} or {p : < 0}. Now the image of these sets is 

precisely the intersection with the image of J of the open sets A e L{Hd) : / ^ A 
or {p e MA}. □ 

The above lemma shows that the linear pre-topology is adequate when one 
takes all "jets" into account, but does not describe the image of J, and gives no 
information about the individual Jd- 

Fix a standard (monomial) basis for Hd, and let Aq be the 0-module generated 
by this basis. Given M e End{Hd), let A(M) = M-\Ao). We identify Aut(Ao) 
with the group of automorphisms T of Hd with T{Hq) — Hq. 
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Lemma 5.1.4. The mapping M i— )■ A(M) induces a bijection between 
Aut(Ao)\End(i/d) andL{Hd). 

Proof. It is clear that M A(M) is a surjective map from End{Hd) to L{Hfi), and 
also that A{N) = A(TiV) if T G Aut(Ao). Conversely suppose A(M) = A(A^). 
Then M,N have the same kernel E = {a : Ka C M~^(Ao)}. So A^M"^ is a 
well-defined homomorphism MHd — >■ NHd- Moreover, MHd fl Aq is a free 0- 
submodule of Hd, and {NM-^){MHd n Aq) = {NHd n Aq). Let C (resp. C) 
be a free 0-submodule of Aq complementary to MHd H Aq (resp. NHd H Aq), 
and let T2 : C ^ C he an isomorphism. Let T = {NM-^)\{MHd H Aq) © Ts. 
Then T G Aut(Ao), and A^M'^Aq = r~^Ao, so (using kerM = kerA^) we have 
M-^Ao = A^-^Ao. □ 

Proposition 5.1.5. The morphism Jd : A"* — )■ L{Hd) is closed and continuous 
map if L{Hd) is endowed with the linear topology. 

Proof. Write J = Jd and H = Hd- Let X C L{H) be a closed definable set. Let 
p be a definable type on J~^(X), with limit point a G A"^. Since J is continuous 
towards the linear pre-topology, J(a) is a limit point of J*p. By definition of a 
closed set it follows that J [a) G X; so a G J^^{X). It follows that the intersection 
of J^^{X) with any bounded subset of A™- is itself definably compact, and since 
A™- is the union of a family of bounded open sets it follows that J~^{X) is closed. 
Thus J is continuous. 

To show that J is closed, let y be a closed subset of A™. Let g be a definable 
type on J{Y), and let 6 be a limit point of q for the linear pre-topology. The 
case (i = is easy as Jq is a constant map, so assume d > 1. We have in 
Hd the monomials Xj. For some nonzero c- G -ft' we have c-Xj G &, since h 
generates Hd as a vector space. Choose a nonzero q such that QXj G M6. Let 
U = {h' : CiXi G Jvlb',i = 1, . . . ,m}. Then f/ is a pre-basic open neighborhood of 
b; as 6 is a limit point of q, it follows that q concentrates on U. Note that J^^(U) 
is contained in B where B is the polydisc val(xi) > — val(cj), i = 1, . . . , m. Thus 
J^^{U) is bounded. Lift g to a definable type p onY r\ B (Lemma I4.2.6p . Then 
as y n -B is closed and bounded, q has a limit point a. By continuity we have 
J(a) = 6, hence b G J(r). □ 

5.2. A representation of P". Let us define the tropical projective space 
TropP", for n > 0, as the quotient \ {oo}"+^/r where F acts diagonally by 
translation. This space may be embedded in FJ^^ since it can be identified with 

{(ao, . . . ,a„) G F;^+^ : mina^ = 0}. 

Over a valued field L, we have a canonical definable map r : P" — )■ TropP", 
sending [xq : ■ ■ ■ : Xn] to [v{xo) w(x„)] = {{v{xo) - min^ t;(xi), ■ ■ ■ ,f (x„) - 

miuif (xi)). 
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Let us denote by i^n+i;rf,o the set of homogeneous polynomials in n + 1 variables 
of degree d with coefficients in the valued field sort. Again we view n as fixed 
and omit it from the notation, letting = Hn+i-^dfi- Denote by by H^^^ the 
definable subset of H'^^f^^ consisting of m + 1-uplets of homogeneous polynomials 
with no common zeroes other than the trivial zero. Hence, one can consider the 
image PHd,m of -f^d.m in the projectivization P{H^q^). We have a morphism 
c : P'* X Hd,m P"", given by c{[xo : • • • : x^], (ho, ■■■ , hm)) = [hQ{x) : . . . : hm{x\. 
Since c{x, h) depends only on the image of h in PH^^rn, we obtain a morphism 
c : P" X PHd^rn P™- Composing c with the map r : P™ — )■ TropP™", we obtain 
T : P" X PHd,rn TropP'". For h in PHd,m (or in Hd,m), we denote by th the 
map X T{x,h). Thus Th extends to a map 77^ : P" — >■ TropP"*. 

Let Td,m denote the set of functions PHd,m — >■ Trop P" of the form h i-> Th{x) 
for some x e P". Note that Td^^ is definable. 

Proposition 5.2.1. The space P" may be identified via the canonical mappings 
pn _^ Tm,d with the projective limit of the spaces Tm,d- If one endows Td^m with 
the topology induced from the Tychonoff topology, this identification is a homeo- 
morphism. □ 

Remark 5.2.2. By composing with the embedding TropP"* — > r^+^, one gets a 
definable map P" — )■ r™+^. The topology on P" can be defined directly using the 
above maps into Too, without an affine chart. 

5.3. Paths and homotopies. By an interval we mean a subinterval of Too. Note 
that intervals of different length are in general not definably homeomorphic and 
that the gluing of two intervals may not result in an interval. We get around the 
latter issue by formally introducing a more general notion, that of a generalized 
interval. First we consider the compactification {— 00} U V^o of V^o- (This is used 
for convenience; in practice all functions defined on {—00} U Foo will be constant 
on some semi-infinite interval [—00, a], a G F.) If / is an interval [a. 6], we may 
consider it either with the natural order of with the opposite order. The choice 
of one of these orders will be an orientation of /. By a generalized interval / we 
mean a finite union of oriented copies /i, of {—00} U Foo glued end-to-end 

in a way respecting the orientation, or a sub-interval of such an ordered set. 

If / is closed, we denote by ii the smallest element of / and by e/ its largest 
element. If / = [a, h] is a sub-interval of and 93 is a function / x \/ — )■ W ^ one 
may extend </? to a function (p : {— 00} UFoo xV ^ W hj setting (p{t, x) = ip{a, x) 
ior X < a and (p{t, x) — (fi{b, x) for x > b. We shall say ip is definable, resp. 
continuous, resp. v+g-continuous, if ip is. Similarly if / is obtained by gluing 
/i, . . . , /„, we shall say a function I x V ^ W is definable, resp. continuous, 
resp. v+g-continuous, if it is obtained by gluing definable, resp. continuous, resp. 
v+g-continuous, functions (pi : Ii x V ^ W. 
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Let y be a definable set. By a path on V we mean a continuous definable map 
/ — 7- y with / some generalized interval. 

Example 5.3.1. Generalized intervals may in fact be needed to connect points of 
V. For instance let V he a cycle of n copies of P^, with consecutive pairs meeting 
in a point. We will see that a single homotopy with interval [0, oo) reduces V to 
a cycle made of n copies of [0, oo] C Too. However it is impossible to connect two 
points at extreme ends of this topological circle without glueing together some 
n/2 intervals. 

Definition 5.3.2. Let X be a pro-definable subset of x T^. A homotopy is a 
continuous pro-definable map h : I x X ^ X with / a closed generalized interval. 

If is a definable subset of x F^, we will also refer to a v+g-continuous 
pro-definable map Hq : I x W ^ W as a homotopy; by Lemma I3.7.2[ ho extends 
uniquely to a homotopy h : W ^ W. 

A homotopy h : I x V ^ V or h : I x V ^ V is called a deformation 
retraction to A C if h{ii,x) = x for all x, h{t,a) = a for all t in J and a in 
A and furthermore h{ej,x) G A for each x. (In the literature, this is sometimes 
referred to as a strong deformation retraction.) U h : I xV V is a deformation 
retraction, and g{x) = h{ej,x), we say that g{V) is the image of h, and that 
{g, g{X)) is a deformation retract. Sometimes, we shall also call g or g{X) a 
deformation retract, the other member of the pair being understood implicitly. 

A homotopy h is said to satisfy condition (*) if h{ei,h{t,x)) = h{ei,x) for 
every t and x. 

Let hi : Ii X V ^ V and h2 '■ I2 >^ V ^ V two homotopies. Denote by Ji -|- I2 
the (generalized) interval obtained by gluing Ji and I2 at e/^ and ij^. Assume 
h2{ii2, hi{eij^,x)) = /ii(e/j,x) for every x in V. Then one denotes by /i2 o hi the 
homotopy I2 + h x V ^ V given by hi{t,x) for t G /i and by /i2(t, -ffi(e/^, x)) 
for t in 

Lemma 5.3.3. Let X,Xi pro-definable subsets, f : Xi ^ X a closed, surjective 
pro-definable map. Let hi : I x Xi Xi be a homotopy, and assume hi leaves 
invariant f~^{e) for any e G X. Then hi descends to a homotopy of X. 

Proof. Define h : I x X X hy h(t,f{x)) = f{hi{t,x)) for x G Xi, then h 
is well-defined and pro-definable. We denote the map {t,x) {t,f{x)) by /2. 
Clearly, /2 is a closed, surjective map. (The topology on / x Xi, I x X being 
the product topology.) To show that h is continuous, it suffices therefore to show 
that ho f2 is continuous. Since h o f2 = f o hi this is clear. □ 

In particular, let / : Vi — ?■ V be a proper surjective morphism of algebraic 
varieties over a valued field. Let hi be a homotopy hi : I x Vi Vi, and assume 
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hi leaves invariant /^^(e) for any e G V. Then / is surjective by Lemma [4.2.61) . 
and closed by Lemma 14.2.23} so hi descends to a homotopy of X. 



6. F-INTERNAL SPACES 

6.1. Preliminary remarks. Our aim in this section is to show that a subspace 
of V, definably isomorphic to a subset of F" (after base change), is homeomorphic 
to a subset of FJ^ (after base change). 

A number of delicate issues arise here. We say X is T -parameterized if there 
exists a (pro)-definable surjective map g : Y ^ X, with Y C F". We do not 
know if a F-parameterized set is F-internal. 

Note that X is F-internal if and only if it is F-parameterized, and in addition 
one of the projections tt : V ^ H to a definable set H, is injective on X. Even 
in this case however, if we give H the induced topology so that tt is closed and 
continuous, the restriction of vr to X need not be a homeomorphism. If it can be 
taken to be one, we say that X is definably separated. The F-internal sets we 
will obtain in our theorems are F-separated, and the results of this section are 
applicable to such sets. Note that definably compact sets X are automatically 
definably separated, since the image of a closed subset of X is a definably compact 
and hence closed subset of T^. 

We first discuss briefly the role of parameters. 

We fix a valued field F. The term "definable" refers to ACVF^. Varieties 
are assumed defined over F. At the level of definable sets and maps, F has 
elimination of imaginaries. Moreover, this is also true topologically, in the sense 
that if X C F^ and E is a closed, definable equivalence relation on X in an 
o-minimal expansion of the theory ARCF of real closed fields, then there exists a 
definable map / : X — )■ FJ^ inducing a homeomorphism between the topological 
quotient X/E, and /(X) with the topology induced from FJ^. 

In another direction, the pair (k, F) also eliminates imaginaries (where k is the 
residue field, with induced structure), and so does (RES,F), where RES denotes 
the generalized residue structure of [17J. 

However, (k, F) or (RES, F) do not eliminate imaginaries topologically. One 
reason for this, due to Eleftheriou [10] and valid already for F, is that the theory 
DOAG of divisible ordered abelian groups is not sufficiently flexible to identify 
simplices of different sizes. A more essential reason for us is the existence of 
quotient spaces with nontrivial Galois action on cohomology. For instance take 
±a/^ X [0, 1] with ±-\/^ X {1} and ±-\/^ x {1}, ±a/^ x {0} each collapsed 
to a point. However for connected spaces embedded in RES™ x F", the Galois 
action on cohomology is trivial. Hence the above circle cannot be embedded in 
FJ^. The best we can hope for is that it be embedded in a twisted form F^, 
for some finite set w; after base change to w, this becomes isomorphic to FJ^. 
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Theorem 16.3.61 will shows that such an embedding is in fact exists for separated 
F-internal sets. 

It would be interesting to study more generally the definable spaces occurring 
as closed iso-definable subsets of V parametrized by a subset of VF" x F"^. In 
the case of VF" alone, a key example should be the set of generic points of 
subvarieties of V lying in some constructible subset of the Hilbert scheme. This 
includes the variety V embedded with the valuation topology via the simple points 
functor (Lemma I3.5.ip ; possibly other components of the Hilbert scheme obtain 
the valuation topology too, but the different components (of distinct dimensions) 
are not topologically disjoint. 

6.2. Guessing definable maps by regular algebraic maps. 

Lemma 6.2.1. Let V be a normal, irreducible, complete variety, Y an irreducible 
variety, g : Y ^ X ^ V a dominant constructible map with finite fibers, all 
defined over a field F. Then there exists a pseudo-Galois covering f : V V 
such that each component U of f~^{X) dominates Y rationally, i.e. there exists 
a dominant rational map g : U ^ Y over X . 

Proof. First an algebraic version. Let Khe a, field, R an integrally closed subring, 
G : i? — )■ A; a ring homomorphism onto a field k. Let k' be a finite field extension. 
Then there exists a finite pseudo-Galois field extension K' and a homomorphism 
G' : R' ^ k" onto a field, where R' is the integral closure of R in K', such that 
k" contains k'. 

Indeed we may reach k' as a finite tower of 1-generated field extensions, so we 
may assume k' = k{a) is generated by a single element. Lift the monic minimal 
polynomial of a over kto a monic polynomial P over R. Then since R is integrally 
closed, P is irreducible. Let K' be the splitting field of P. The kernel of G extends 
to a maximal ideal M' of the integral closure R' of R in K', and R'/M' is clearly 
a field containing k'. 

To apply the algebraic version let K = F{V) be the function field of V. Let 
R be the local ring of X, i.e. the ring of regular functions on some Zariski open 
set not disjoint from X, and let G : i? — )■ A; be the evaluation homomorphism 
to the function field k = F{X) of X. Let k' =_F{Y) the function field of F, 
and K', R', G', M' and k" be as above. Let f : V ^ V he the normalization of 
V in K' . Then k" is the function field of a component X' of /^^(X), mapping 
dominantly to X. Since k' is contained in k" as extensions of k there exists a 
dominant rational map g : X' ^Y over X. But Aut(i^''/i^') acts transitively on 
the components of /^^(X) mapping dominantly to X, proving the lemma. □ 

Lemma 6.2.2. Let V be an algebraic variety over a field F , Xi a finite number of 
subvarieties, gi : Yi Xi a surjective constructible map with finite fibers. Then 
there exists a surjective finite morphism of varieties f : V ^ V such that for any 



54 



EHUD HRUSHOVSKI AND FRANgOIS LOESER 



field extension F' , any i, a & Xi{F'), b G Yi{F'), c G V{F') with gi{b) = a and 
f{c) = a, we have b G F'{c). 

Hence there exists a finite number of Zariski open subsets Uij of of V, mor- 
phisms Qij : Uij — ?■ Yi such that for every a, b, and c as above we have c G Uij and 
b = gij{c) for some j . 

IfV is normal, we may take f : V ^ V to be a pseudo-Galois covering. 

Proof. If the lemma holds for each irreducible subvariety Vj of V, with Xj^i = 
XjHXi and Y,- j = g^^{Xj^i), then it holds for V with Xj, Yi'. assuming fj : Vj ^ Vj 
is as in the conclusion of the lemma, let / be the disjoint union of the fj. In this 
way we may assume that V is irreducible. Clearly we may assume V is complete. 
Finally, we may assume V is normal, by lifting the Xi to the normalization Vn of 
V, and replacing Yi by Yi Xg- Vn. We thus assume V is irreducible, normal and 
complete. 

Let Xi, . . . ,Xihe the varieties of maximal dimension d among the subvarieties 
Xi, . . . , Xn- We use induction on d. By Lemma 16.2.11 there exist finite pseudo- 
Galois coverings fi-Vi^V such that each component of /j~^(Xj) of dimension d 
dominates Yi rationally. Let V* be an irreducible subvariety of the fiber product 
HyVi with dominant (hence surjective) projection to each V^. (The function field 
of V* is an amalgam of the function fields of the Vi, finite extensions of the 
function field of V.) Let / = (/i, . . . , /„) restricted to V*. If a, b, F' and Xj 
are as above, with a sufficiently generic in Xi, then there exists c G V* {{F')"'''^) 
with fi{c) = a and b G F'{c). Since fi is a pseudo-Galois covering, for any 
c' G y*((F')"'^) with /i(c') = a we have c' G F'(c), so 6 G F'(c). So there exists 
a dense open subset Wi C Xi such that for any a, b, F' and Xi as above, with 
a G Wi, fi{c) = a, giip) = a, we have b G F'{c). 

It follows that there exists a finite number of rational functions gij defined on 
Zariski open subsets of f~^(Wi), such that for any such a, b and F' for some j we 
have b = gij{c). By shrinking Wi we may assume that Wi is contained in some 
affine open subset of V, and that gij is regular above Wi. Now we may extend 
gij to a regular function on a Zariski open subset Uij of V*. 

Let Ci be the complement of Wi in Xi] so dim(Ci) < d. Let {Y^} be the 
pullbacks to V* of Yj for j > i, as well as the pullbacks of Ci {i < £). By 
induction, there exists a finite morphism f':V'^ V* dominating the Y^ in the 
sense of the lemma. Let V be the normalization of V in the normal Jiull over 
F{V) of the function field F{V*). By the remark above Lemma [6.2.11 V —> V is 
pseudo-Galois, and clearly satisfies the conditions of the lemma. □ 

Note that since finite morphisms are projective (cf. [12j 6.1.11), if V is projec- 
tive then so is V. 
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Lemma 6.2.3. Let V be a normal projective variety and L an ample line bundle 
on V. Let H be a finite dimensional vector space, and let h : V ^ H be a rational 
map. Then for any sufficiently large integer m there exists sections Si,...,Sk 
of 2 = L®™ such that there is no common zero of the Si outside the domain of 
definition of h, and such that for each i, Si^h extends to a morphism V — )■ 2^H. 

Proof. Say H = A". We have h = {hi, . . . , Let Di be the polar divisor of 
hi and D = Ylf=i^i- Let Ld be the associated hne bundle. Then h^l extends 
to a section of H^Ld. Since L is ample, for some m, L^'^^L]^ is generated 
by global sections o"i, . . . ,crfc. Since 1 is a global section of L/j, Si = l®crj is a 
section of Ld®{L®'^®L']^) = L®"^. Since away from the support of the divisor 
D, the common zeroes of the Si are also common zeroes of the cTj, they have 
no common zeroes there. Now h®Si = extends to a section of 

A theory of fields is called an algebraically bounded theory, cf. [31] or [28], if 
for any subfield F of a model M, F"'^ fl M is model-theoretically algebraically 
closed in M. By Proposition 12.6.11 (4), ACVF is algebraically bounded. The 
following lemma is valid for any algebraically bounded theory. We work over a 
base field F = dcl(F). 

Lemma 6.2.4. Let F be a valued field. Let V and H be F-varieties, with V 
irreducible and normal. Let (f) be an ACVF -definable subset of V x H whose 
projection to V has finite fibers, all defined over F. Then there exists a finite 
pseudo-Galois covering tt : V V, a finite family of Zariski open subsets Ui C 
V , Ui = 7[~^{Ui), and morphisms ipi : Ui ^ H such that for any v & V , if 
(7r(-u), h) & (f) then v ^ Ui and h = ipi{v) for some i. 

Proof. For a in \^ write 0(a) = {h : (a, 6) G 0}; this is a finite subset of H. 
Let p be an ACVF-type over F (located on V) and a \= p. By the algebraic 
boundedness of ACVF, 0(a) is contained in a finite normal field extension F{a') 
of F{a). Let q = tp^c.^(a'/F), and let hp : q ^ V he a. rational map with 
hp{a') = a. 

We can also write each element c of (f){a) as c = ipia') for some rational function 
ip over F. This gives a finite family = "^{p) of rational functions ip; enlarging 
it, we may take it to be Galois invariant. For any c' \= q with hp{c') = a, we have 
0(a) C ^(c') := {^(c') : ^ G ^}. 

The type q can be viewed as a type of elements of an algebraic variety W, 
and after shrinking W we can take hp to be a quasi-finite morphism on W, and 
assume each ip & : W ^ H is defined on W; moreover we can find W such 
that: 

(*) for any c' & W with h{c') = a |= p, we have 0(a) C \l'(c'). 
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By compactness, there exist finitely many triples {Wj, "^j, hj) such that for any 
p, some triple has (*) for p. By Lemma [6.2. 2^ we may replace the Wj by a single 
pseudo-Galois V. □ 

If if is a vector space, or a vector bundle over V, let be the n-th direct 
power of H, and let P{H") denote the projectivization of if". Let h h-)-: h : 
denote the natural map H \ {0} — )■ PH. Let : P{H^) — )■ PH be the natural 
rational map, rk{hi : . . . : = (: :). For any vector bundle L over V , there 
is a canonical isomorphism L®H^ = {L^H)"'. When L is a line bundle, we have 
P[L®E) = P{E) canonically for any vector bundle E. Composing, we obtain an 
identification of P{{L®HY) with P(ii'"). 

Lemma 6.2.5. Let F he a valued field. Let V he a normal irreducihle F-variety, 
H a vector space with a hasis of F-definahle points, and (f) an ACVF p-definahle 
suhset ofVx [H \ (0)) whose projection to V has finite fihers. Then there exist a 
finite Galois covering it : V ^ V, a regular morphism 6 : V ^ P{H™') for some 
m, such that for any v E V, if (vr(?)), h) E (j) then for some k, rk{9{v)) is defined 
and equals : h :. 

Proof. Replacing V by the normalization of the closure of V in some projec- 
tive embedding, we may assume V is projective and normal. Let ipi be as in 
Lemma [6.2.41 Let L, Sjj be as in Lemma [6.2.3[ applied to V, ipf, choose m that 
works for all ipi. Let 6ij be the extension to V of Sij^ipi. Define 6 = {■■■: 6ij :■■ ■), 
using the identification above the lemma. □ 

6.3. F-internal subsets of V. 

Lemma 6.3.1. Let V he a quasi-projective variety over an infinite valued field 
F, and let f : T"- ^ V he definahle. There exists an affine open V ^ V with f : 
r — 7- V . IfV = P", there exists a linear hyperplane H such that /(F") fl ii = 0. 

Proof. Since V embeds into P", we can view / as a map into P"; so we may 
assume V = F"'. For 7 G F", let 1^(7) be the linear Zariski closure of /(7); 
i.e. the intersection of all hyperplanes H such that f{'~f) concentrates on H. The 
intersection of V{'-f) with any A" is the zero set of all linear polynomials g on 
on A" such that f{'j)^:{h o g) = 0. So ^(7) is definable uniformly in 7. Now 
1^(7) is an 74Ci^i?-definable set, with canonical parameter 6(7); by elimination 
of imaginaries in ACFp, we can take 6(7) to be a tuple of field elements. But 
functions F"- — )■ VF have finitely many values (every infinite definable subset of 
VF contains an open subset, and admits a definable map onto k). So there are 
finitely many sets V {'-/). Let H be any hyperplane containing none of these. Then 
no f{'j) can concentrate on H. □ 
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We shall now make use of the spaces L{H) of semi-lattices of §5.11 Given a 
basis f 1, . . . , of if, we say that a semi-lattice is diagonal if it is a direct sum 
Yl^=i hvii with Jj an ideal of K or Jj = K. 

Lemma 6.3.2. Let Y he a T -internal subset of L{H). Then there exists a finite 
number of bases b^, . . . of H such that each y & Y is diagonal for some b\ If 
Y is defined over a valued field F, these bases can be found over F""^^ . 

Proof. For y E Y ^ lei Uy = {h H : Kh C y}. Then Uy is a subspace of if, 
definable from Y . The Grassmanian of subspaces of H is an algebraic variety, and 
has no infinite F-internal definable subsets. Hence there are only finitely many 
values of Uy. Partitioning Y into finitely many sets we may assume Uy = U for 
all y & Y. Replacing H by H/U, and Y by {y/H : y G Y}, we may assume 
U = (0). Thus y is a set of lattices. 

Now the lemma follows from Theorem 2.4.13 (iii) of |13j, except that in this 
theorem one considers / defined on F (or a finite cover of F) whereas Y is the 
image of F"' under some definable function /. In fact the proof of 2.4.13 works for 
functions from F"; however we will indicate how to deduce the n-dimensional case 
from the statement there, beginning with 2.4.11. We first formulate a relative 
version of 2.4.11. Let U = Gihe one of the unipotent groups considered in 2.4.11 
(we only need the case of U = Un, the full strictly upper triangular group). Let 
X be a definable set, and let g he a. definable map on X x F, with g{x,'-f) a 
subgroup of U, for any {x, 7) in the domain of g. Let / be another definable 
map on X X F, with /(a;,7) G U/g{'~f). Then there exist finitely many definable 
functions pj : X ^ F, with pj < Pj+i, definable functions b on X, such that 
letting g*{x) = np^(^^)<^<p^^^(^)g{x,-f) we have bj{x) G U/g*{x), and 

(*) f{x,l) = bj{x)gj{x,-f) 

whenever Pj{x) < 7 < Pj^i{x) This relative version follows immediately from 
2.4.11 using compactness, and noting that (*) determines bj{x) uniquely as an 
element of U/g*{x). 

Now by induction, we obtain the multidimensional version of 2.4.11: 

Let g he a definable map on a definable subset i of F", with g{'-f) a subgroup 
of U for each 7 G i. Suppose / is also a definable map on i, with /(7) G U /g{'y). 
Then there is a partition of i into finitely many definable subsets I' such that for 
each I' there is 6 G f/ with f{'j) = bg{'~f) for all 7 G i'. 

To prove this for F"+^ = F" x F, apply the case F" to the functions bj,gj as 
well as f,g{x,pj{x)) (at the endpoints of the open intervals). 

Now the lemma follows as in 2.4.13 for the multidimensional case follows as 
in [13] 2.4.13. Namely, each lattice A has a triangular 0-basis; viewed as a 
matrix, it is an element of the triangular group i?„. So there exists an element 
A & Un such that A is diagonal for A, i..e A has a basis DA with D & Tn 
a diagonal matrix. If D'A' is another basis for A of the same form, we have 
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DA = ED' A' for some E' G i?„(0). Factoring out the unipotent part, we find 
that D-^D' e T„(0). So D/Tn{0) is well-defined, the group D-^Bn{0)D is 
well-defined, we have D~^ED' G D^^B„{0)D fl and the matrix A is well- 
defined up to translation by an element of g{A) = D~^B„{0)D fl By the 
multidimensional 2.4.11, since Y is F-internal, it admits a finite partition into 
definable subsets Yi, such that for each i, there exists a basis A diagonalizing 
each y &Yi. 

Moreover, A is uniquely defined up to Hy^YiQiy)- The rationality statement 
now follows from Lemma 16.3.31 □ 

Lemma 6.3.3. Let F he a valued field, let h he an F-definahle suhgroup of the 
unipotent group Un, and let c he an F-definahle coset of h. Then c has a point in 
paig ^ //F has residue characteristic 0, or if F is trivially valued and perfect, c 
has a point in F. 

Proof. In the non-trivially valued case the statement is clear for F*^'^, since F"'^ is 
a model. As in |13] . 2.4.11, the lemma can be proved for all unipotent algebraic 
groups by induction on dimension, so we are reduced to the case of the one- 
dimensional unipotent group Ga- In this case, in equal characteristic we know 
that any definable ball has a definable point (by averaging a finite set of points). 
If F is trivially valued, the subgroup must be Ga, (0), or M. The group has 
no other F-definable cosets. As for M the definable cosets correspond to elements 
of the residue field; but each element of the residue field of F is the residue of a 
(unique) point of F. □ 

Remark 6.3.4. Is the rationality statement in Lemma 16.3.31 valid in positive 
characteristic, for the groups encountered in Lemma I6.3.2[ i.e. interesections of 
conjugates of Bn{0) with [/„? This is not important for our purposes since the 
partition of Y may require going to the algebraic closure at all events. 

Corollary 6.3.5. Let X C he iso-definahle and T-internal over an alge- 
hraically closed valued field F. Then for some d, and finitely many polynomials 
hi of degree < d, the map p n- (p*(val(/ij)))j is infective on X. 

Proof. By Lemma [5.1.3t the maps 

P ^ Jd{p) = {heHd: p*(val(/i)) > 0} 

separate points on and hence on X. So for each a; 7^ x' G X, for some d, 
Jd{x) 7^ Jd{x'). Since X is iso-definable, for some fixed rf, is injective on X. Let 
F be a finite set of bases as in Lemma [6. 3. 2[ and let {hi} be the set of elements of 
these basis. Pick x and x' in X; if x^{hi) = x[{hi) for all i, we have to show that 
X = x', or equivalently that Jd{x) = Jd{x'); by symmetry it suffices to show that 
Jd{x) C Jd{x'). Choose a basis, say b = {b^, . . . , 6™), such that Jd{x) is diagonal 
with respect to b; the 6* are among the hi, so x^,(6*) = x'^(6*) for each i. It follows 
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that Jd{x) n Kb^ = Jd{x') fl Kb"^. But since Jd{x) is diagonal for b, it is generated 
by Ui{Jd{x) n Kb^); so Jd{x) C Jd{x') as required. □ 

Proposition 6.3.6. Let V be a quasi-projective variety over a valued field F. 
Let X C V be T -internal as an iso-definable set. Then there exist m, d and 
h G Hd,m{F'^^^) such that, with the notations of ^'5-4 t}i is injective on X. If V 
is projective and X is closed, is a homeomorphism onto its image. 

Proof. We may take V = . Note that if 77^ is injective, and g G Aut(P"') = 
PGL(iV + 1), it is clear that f>^ is injective too. By Lemma [6.3. there exists a 
linear hyperplane H with H disjoint from X. We may assume H is the hyperplane 
Xq = 0. Let Xi = {{xi, . . . , Xat) : [1 : Xi : . . . : Xat] G X}. By Corollary I6.3.5[ 
there exist finitely many polynomials hi, . . . ,hr such that p )■ {p^{hi))i is injective 
on Xi. Say hi has degree < d. Let Hi{xo, . . . , Xd) = x^hi^Xi/xo, . . . , x^/xq), and 
let h = {xq, . . . , xff, Hi, . . . , Hr), m = N + r. Then h G Hd^m, and it is clear that 
Th is injective on X. □ 

Corollary 6.3.7. Let V be a quasi-projective variety over a valued field F. Let 
X C V be T -internal as an iso-definable set. Then there exists an F-definable 
continuous injective map a : X — )■ [0, 00]"', for some finite set w definable over 
F. 

Proof. By Proposition 16. 3. 6^ such map a'^ exists over a finite Galois extension 
F[a) over F, but possibly with values in T^. Replacing each coordinate a[ by 
two maps, namely max(a;^, 0) and — min(Q;^, 0), we may assume takes values in 
[0, 00]. Let w be the set of Galois conjugates of a over F. Define a{x) G [0, 00]"' 
by a{x){a) = aa{x). Then the statement is clear. □ 

Proposition 6.3.8. Let A be a base structure consisting of a field F, and a set 
S of elements ofT. Let V be a projective variety over F, X a T -internal, A- 
definable subset of V . Then there exists a A-definable continuous injective map 
(j) : X ^ [0, 00]^ for some finite set A-definable set w. If X is closed, then (p is a 
topological embedding. 

Proof We have acl(A) = dcl(A U F"'^) = (Lemma EZS])- It suffices to 

show that a continuous, injective : X — )■ [0, 00]" is definable over acl(A), for then 
the descent to A can be done as in Corollary 16.3.71 So we may assume F = F""^^ , 
hence A = ac\{A). We may also assume S is finite, since the data is defined over 
a finite subset. Say S = {71, . . . , 7^}. Let q be the generic type of field elements 
) with val(xj) = 7j. Then q is stably dominated. If c |= q, then by 
Lemma [6.3.61 there exists an y4(6)-definable topological embedding : X — )■ 
for some n and some b G F{cY^^ . Since q is stably dominated, and A = acl(y4), 
tp{b/A) extends to a stably dominated A-definable type p. If (a, 6) |= p'^\A then 
fafb^^ : X — )■ X; but tp{ab/A) is orthogonal to F while X is F-internal, so the 
canonical parameter of fafh~^ is defined over AUT and also over A(a, b), hence over 
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A. Thus fafk ^ = g. If (a, 6, c) \= we have fbf^ ^ = fafc ^ = g so = g and 
hence g = Idx- So fa = fb, and fa is A-definable, as required. The last statement 
is clear since maps from definably compact spaces to FJ^ are closed. □ 

We proceed towards a relative version of Proposition 16.3.61 

Let IT : V ^ U he a morphism of algebraic varieties over a valued field F. 
We denote by V/U the subset of V consisting of types p & V such that 7r{p) is 
a simple point of U. Assume now that X (1 V/U is iso-definable and relatively 
F-internal. We use Lemma [3.4.11 (2) to identify X with a pro-definable subset of 
V; namely the set X oi p & V such that if p is based on A and c |= p\A, then 
tp(c/y4(7r(c))) = q\A{7!-{c)) for some q E X. It is really this set that we have in 
mind when speaking of X below. In particular, it inherits a topology from V. 

Proposition 6.3.9. Let V ^ U he a projective morphism of algebraic varieties, 
with U normal, over a valued field F. Let X C V/U be iso-definable, and relatively 
T -internal, i.e. such that each fiber Xu of X overu E U is T -internal. Then there 
exists a finite pseudo-Galois covering U' — ?■ U , such that letting X' = U' XjjXand 
V = U' Xu V , there exists a definable morphism g : V ^ U' x over U' , such 
that the induced map g : V U' x F^ is continuous, and such that the restriction 
of g to X' is injective. In fact Zariski locally each coordinate of g is obtained as 
a composition of regular maps and the valuation map. 

Proof. By Proposition 16.3.61 for each u E U, there exists h G Hd,m{F{u)°'^^) such 
that Th is injective on the fiber Xu above u. By compactness, a finite number of 
pairs (m, d) will work for all m; by taking a large enough (m, d), we may take it 
to be fixed. Again by compactness, there exists a definable (p C U x Hd^m whose 
projection to U has finite fibers, such that if (m, h) E (f) then is injective on 
Xu- By Lemma [6.2.5[ there is a finite pseudo-Galois covering vr : f/' — )■ [/, and 
a regular morphism 9 : U' ^ P{H"f,^ for some M, with H'^,^ the vector space 
generated by Hd.m-, such that for any u' G U\ if (7r(M'), h) E (p then, for some k, 
rk{0{u')) is defined and equals : h :. Note that since h G Hd^m, it follows that 
0{u') G PHMm,d- Let g{u', v) = {u', r0(„/))(f ). Then it is clear that g is continuous 
and that its restriction to X' is injective. It follows that its restriction to X' is 
injective. □ 

Remark 6.3.10. The normality hypothesis in Proposition l6.3.9l and Lemma r6.2.2l 

is unnecessary. If V is any quasi-projective variety, it suffices to replace V in 
Lemma 16.2.21 with the larger, normal variety P" and pull back the data, and 
similarly for U in 16.3.91 

Note that the proposition has content even when the fibers of X/U are finite. 
Under certain conditions, the continuous injection of Proposition 16.3.91 can be 
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seen to be a homeomorphism. This is clear when X is definably compact, but we 
will need it in somewhat greater generality. 

Let X be a pro-definable subset of V" x F^, for V an algebraic variety. If 
p : X — 7- Too is a definable continuous function, we shall say X is compact at 
p = oo if any definable type g on X with p^^q unbounded has a limit point in 
X. Compactness at p = cxd implies that p~^{oo) is definably compact. If X is 
a subspace of a definably compact space Y , p extends to a continuous definable 
function py on y, and py^ (oo) C X, then X is compact at p = oo. In the 
applications, this will be the case. We say X is a-compact with respect to a 
continuous definable function : X ^ F, if for any 7 G F, {x G X : ^(x) < 7} is 
definably compact. 

More generally, let p, ^ : X — > Fqo be definable continuous functions. We say 
that X is (T-compact via (p, ^^^(00) ^ P~^(oo), X is compact at p = 00, and 
X \ ^~^(oo) is (T-compact via ^. 

Assume f : V ^ U is a, morphism of algebraic varieties, p : V — )■ Fqo and 
^ : f/ — )■ Foo are definable v+g continuous functions. We say that a pro-definable 
subset X of is a-compact over U via (p, if ^ a-compact via {p,^ o /), 
where we omit the ^ on morphisms. 

Lemma 6.3.11. In Proposition \6.3.^ assume X is a-compact over U via (p,^), 
where p : V Fqo and ^ : — )■ Too are definable and v+g- continuous. Then one 
can find g as in the Proposition inducing a homeomorphism of X' with its image 
m U' X F^. 

Proof. Let f : V V denote the projection and f : V ^ V its extension. 
After replacing g : V U' x F^ in the construction of Proposition 16.3.91 by 
V U' X T^'^'^ sending x to {g{x), p o /), one may assume that p o f = p' o g 
with p' the projection on the last factor. As in Proposition l6.3.iJ] we still denote 
by g its extension V ^ U' x F^. The restriction g^^ of g to X' is injective 

and continuous. We have to show that its inverse is continuous too, or 

equivalently that g^ocf) is continuous for any continuous definable : X' — > Too- 

It suffices thus to show that if is a closed relatively definable subset of X', 
then g{W) is closed. By Lemma [4.2.121 it suffices to show this: if p is a definable 
type on W, and g{w) is a limit of g^,p in U' x F^ for w G W, then w is the limit 
of p in X'. As g is injective and continuous on X', it suffices to show that p has 
a limit in X'. 

Assume first p*{f*{p)) is not bounded. Then has a limit point in X by 

compactness at p = 00. Let us show that it follows that p has a limit point in 
X'. Note that since V ^ V is a finite morphism, hence proper, V ^ V is closed 
by Lemma 14.2.231 It follows that the morphism /' : X' — )■ X induced by / is 
closed. Furthermore it is surjective since X' — )■ X is surjective, by Lemma [4.2.61 
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Let a be the limit of f*{p). Its fiber f'^^{a) is finite and non empty, say equal 
to ■ ■ ■ ,Pn}- If P has a limit in X', by continuity of /', it should be one 
of the Pi. Hence, if p does not have a limit in X', there exists open relatively 
definable subsets Oi of X' containing such that Oj fl Oj = if z 7^ j, and 
such that p is on Z = X' \ Ui<j<„Oj. Since Z is closed, its image f'{Z) is 
closed, hence Q = X \ f'{Z) is open and contains a. Thus is on Q. But 

f'~^{Q) C Ui<j<„Oj, which contradicts the fact that p is on Z. 

Otherwise, p' is bounded on g^p, hence as p' is continuous, p'{g{w)) < 00. So 
p{f{w)) G r. It follows that ^{7T{f{w)) G F also. Hence the type contains 
the formula ,^ o vr < a for some a G F. Thus, by cx-compactness, f^p contains a 
definably compact relatively definable subset of X', containing f{w); so f^p has 
a limit in this set, hence in X. By the argument already given, it follows that p 
has a limit in X'. □ 



The following lemma shows that o-minimal covers may be replaced by finite 
covers carrying the same information, at least as far as homotopy lifting goes. 

Given a morphism g : U' ^ U and homotopies h : I xU U and h' : I x U' ^ 
U', we say h and h' are compatible or that h' lifts h if g{h'{t, u')) = h{t, g{u')) for 
alH G / and u' G U'. Here, I refers to any closed generalized interval, with final 
point e/. Let H be the canonical homotopy I xU U lifting h, cf. Lemma [3. 7.31 
Note that if h{ej, U) is iso-definable and F-internal, then h{ej, U) = H{ej, U). 

Lemma 6.3.12. Let cj) : V ^ U he a morphism of algebraic varieties with U 
normal, over a valued field F. Let X (1 V/U be iso-definable over F and relatively 
T-internal over U (uniformly in u E U). Assume X is a-compact over U via 
(p,^), where p : V ^ Foo and ^ : U ^ Fqo are definable and v+g- continuous. 
Then there exists a pseudo-Galois covering U' of U, and a definable function 
j : X Xfj U' U' X F™ over U' , inducing a homeomorphism of X XjjU' with the 
image in U' x F™. Moreover: 

(1) There exist a finite number of F -definable functions ^'l : U — )■ Too, such 
that, for any compatible pair of definable homotopies h : I x U U and 
h' : I X U' U' , if h respects the functions C," , then h lifts to a definable 
homotopy Hx : I x X ^ X . If the image of h is T-internal, the same is 
true of the image of Hx. 

(2) Given a finite number of F -definable functions ^ : X on X , and a 
finite group action on X over U, one can choose the functions ^'^ : U' ^ 
Foo such that the lift I x X X respects the given functions C, and the 
group action. 

(3) If h' satisfies condition (*) of \5.cl[ one may also impose that Hx satisfies 
(*)■ 
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Proof. We take U' and j as given by Proposition 16.3.91 and Lemma [6.3.111 (that is, 
j is the restriction of g). First consider the case when X C f/ x F^. There exists 
a finite number of F-definable functions on U such that the set of values ^j'(m) 
determine the fiber = {x : {u,x) G X}, as well as the functions (with ^ 

as in (2)), and the group action on X^. In other words if ^-(m) = ^i{u') for simple 
points u,u' then X„ = X„/, C,{u,x) = ^{u',x) for x G X„ and ^ from (2), and 
g{u, x) = {u, x') iff g{u', x) = {u', x') for g a group element from the group acting 
in (2). Clearly any homotopy h : I x U U respecting the functions C,i lifts 
to a homotopy Hx : I x X X = U xF^ given by (t, (m,7)) t-> {H{t,u),'y), 
where H is the canonical homotopy I x U ^ U lifting h provided by Lemma 
13.7.31 Moreover Hx respects the functions of (2) and the group action. 

This applies io X' = X Xu U', via the homeomorphism induced by j; so for 
any pair {h, h') as in (1), if h' respects the functions then h' lifts to a definable 
homotopy H' : I x X' ^ X', respecting the data of (2). As already noted in 
the proof of 16.3.11] X' = X' — )■ f^ X = X is closed and surjective. Moreover 
H' respects the fibers of X' — )■ X in the sense of of Lemma 15.3.31 Hence by this 
lemma, H' descends to a homotopy Hx : / x X — )■ X. 

By Lemma [8. 6. 5[ the condition that h' respects the ^' can be replaced with the 
condition that h respects certain other definable functions ^" into F. 

Since X is iso-definable uniformly over U , Lemma [2.7.41 applies to the image of 
H'] so this image is iso-definable and F-internal. The image of H is obtained by 
factoring out the action of the Galois group of U' j\J\ by Lemma [2.2.51 the image 
of H is also iso-definable, and hence F-internal. 

The statement regarding condition (*) is verified by construction, using density 
of simple points and continuity. □ 

Example 6.3.13. In dimension > 1 there exist definable topologies on definable 
subsets of F", induced from function space topologies, for which Proposition 16.3.61 
fails. For instance let X = {(s,t) : < s < t}. For (s,t) G X consider the 
continuous function < on [0, 1] supported on [s,t], with slope 1 on (s, s + 
and slope —1 on (s + The topology induced on X from the Tychonoff 

topology on the space of functions [0, 1] — )• F is a definable topology, and definably 
compact. Any neighborhood of the function (even if defined with nonstandard 
parameters) is a finite union of bounded subsets of F^, but contains a "line" of 
functions /s,s+e whose length is at least l/ra for some standard so this topology 
is not induced from any definable embedding of X in F™. By Proposition 16.3.61 
such topologies do not occur within V for an algebraic variety V . 

7. Curves 

7.1. Definability of C for a curve C . Recall that a pro-definable set is called 
iso-definable if it is isomorphic, as a pro-definable set, to a definable set. 
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Proposition 7.1.1. Let C be an algebraic curve defined over a valued field F. 
Then C is an iso-definable set. The topology on C is definably generated, that is, 
generated by a definable family of (iso)-definable subsets. 

Proof. Let L be the function field of C witli genus g. Let Y be tlie set of elements 
f & L with at most g + 2 poles. 

Claim. Any element of is a product of finitely many elements of Y . 

Proof of the Claim. We use induction on the number of poles of / G L^. If this 
number is < (7 + 2, then f E Y . Otherwise, let ai,...,aH be poles of /, not 
necessarily distinct, and let 6 be a zero of /. Using Riemann-Roch, one finds /i 
with poles at most at oi, . . . , ag+2, and a zero at h. Then /i G Y , and ///i has 
fewer poles than / (say / has m poles; they are all among the poles of /; and /i 
has at most m — 1 zeroes other than h). The statement follows by induction. □ 

Choose an embedding of the smooth projective model of C in some projective 
space. Let W be the set of pairs of homogeneous polynomials of degree A^. We 
consider the morphism / : C x — )■ mapping (x, 99, ip) to v{ip{x)) — v{iIj{x)) 
or to if a; is a zero of both ip, ip. 

With notations from the proof of Theorem 13.1.1^ / induces a mapping C — )■ 
Yy/j with Yy/j definable. Now, let us remark that any type p on C induces a 
valuation on L in the following way: let c |= p send g in L to v{g{c)) (or say to 
the symbol —00 if c is a pole of g), and that different types give rise to different 
valuations. It follows that the map C — )■ Ywj is injective, since if two valuations 
agree on Y they agree on . This shows that C is iso-oo-definable set. Since C is 
strict pro-definable by Theorem 13. 1.11 it follows it is iso-definable. The statement 
on the topology is clear. □ 

Example 7.1.2. : may be decribed as the set of generic types of closed 
balls B{x,a) := {y : vaA{y — x) > a}, for x and a running over F and roo(i^), 
repectively, together with the type corresponding to the point 00. Note that by 
definition, as sets, consists of the point just mentioned and of A^. For the 
latter see [13j, 2.3.6, 2.3.8, 2.5.5. 

Let f : C ^ V he a relative curve over an algebraic variety V, that is, / is 
fiat with fibers of dimension 1. Let C/V be the set of p G C such that f{p) is 
a simple point of V. Then we have the following relative version of Proposition 

Lemma 7.1.3. Let f : C ^ V be a relative curve over an algebraic variety V . 
Then C/V is iso-definable. 

Proof. The proof is the obvious relativization of the proof of Proposition 17. 1 . Il We 
embed C in Py. Note that the genus of the curves Ca = f~^{,o) is bounded, and 
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there exists a number such that for any a G V, any function on Ca with < g + 2 
poles is the quotient of two homogeneous polynomials of degree A^. Denoting by 
W the set of functions of the form val(/) — val{g) (with f,g two homogeneous 
polynomials of degree A^) as well as the characteristic functions of points of V, we 
see that the map C — )■ Ywj is injective, and proceed as in Proposition 17.1.11 □ 

7.2. A question on finite covers. To explain the use of Riemann-Roch in the 
previous subsection proof was roundabout, we pose a question that we can answer 
positively in characteristic zero. When the answer is positive, the definablity of 
C follows from that of C = which is clear by Example 17.1.21 This subsection 
will not be used in the sequel. 

Question 7.2.1. If / : f/ V is a finite morphism of algebraic varieties, is the 
inverse image of an iso-definable subset of V iso-definable? 

Proposition 7.2.2. Assume the residue characteristic is 0. Let f : U ^ V be 

a definable map with finite fibers. Let Y be an iso-definable subset of V . Let 
Y' = f-\Y) C U. Then Y' is iso-definable. 

Proof. Since we assume residue characteristic 0, by [17j, we may assume f/ is a 
cover of the form V y<g(v) W , with g : V V a. definable morphism, V and W 
both defined over RV, and W a finite cover of giV). 

It follows from Lemma \2 . 9 . 21 that V is a countable increasing union of definable 
sets f/j. Since Y is the union of the relatively definable subsets Y fl g~^{Ui), it 
follows by compactness that Y C g~^[Ui) for some i. Hence g{Y) is an oo- 
definable subset of Ui. Since by Lemma [2.2.3[ g*{Y) is strict pro-definable, it is 
definable. 

Thus we may assume f : U ^ V is defined over RV. Using the terminology 
above Lemma I2.9.2[ an element of Y is the generic type of an irreducible subva- 
riety of some Vy, of some bounded degree d. Over the residue field, if V is an 
algebraic variety, V corresponds to the set of irreducible subvarieties; stratifiying 
and taking projective embeddings, and using a form of Bezout, it is clear that a 
degree bound on an algebraic variety U gives a degree bound on any irreducible 
component of f~^{U). This immediately extends to the stable part of RV, as in 
Lemma EXl □ 

Remark 7.2.3. The proof of Proposition 17.2.21 also shows that ii f : U V 
is a morphism of algebraic varieties, tamely ramified above each each irreducible 
subvariety, i.e. above each valuation on the function field of an irreducible sub- 
variety compatible with the valuation on the base field, then the inverse image of 
an iso-definable subset of V is iso-definable. 

7.3. Definable types on curves. Let V be an algebraic variety. Two pro- 
definable functions /, (7 : [a, 6) — )■ V are said to have the same germ if /|[a',6) = 
g\[a' , h) for some a' . 
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Remark 7.3.1. The germ of a pro-definable function into V is always the germ 
of a path. Indeed if / : [a,b) —> V is pro-definable, there exists a unique smallest 
a' > a such that f\{a, b) is continuous. This is a consequence of the fact that we 
will see later, that the image of /, being a F-internal subset of V, is homeomorphic 
to a subset of T^. It follows from o-minimal automatic continuity that / is 
piecewise continuous. Moreover, the topology of V restricted to f{[a,b)) is a 
definable topology in the sense of Ziegler; so the set of a' with (a', b) continuous 
is definable, and so a least element exists. 

Proposition 7.3.2. Let C be a curve, defined over A. There is a canonical 
bijection between: 

(1) A-definable types on C . 

(2) A-definable germs at b of (continuous) paths [a,b) — )■ C, up to 
reparametrization. 

Under this bijection, the stably dominated types on C correspond to the germs of 
constant paths on C . 

Proof. A constant path, up to reparametrization, is just a point of C. In this 
way the stably dominated types correspond to germs of constant paths into C. 
Let p be a definable type on C, which is not stably dominated. Then, by Lemma 
I2.10.2[ for some definable 5 : C — )■ F, 5^{p) is a non-constant definable type on F. 
Changing sign if necessary, either is the type of very large elements of F, or 
else for some 6, 5^{p) concentrates on elements in some interval [a, 6]; in the latter 
case there is a smallest b such that p concentrates on [a, 6), so that it is the type 
of elements just < 6, or else dually. Thus we may assume 5^{p) is the generic at 
b of an interval [a, b) (where possibly b = oo). 

By Proposition 12.10.51 there exists a 6^, (p)-germ / of definable function to C 
whose integral is p. It is the germ of a definable function / = fp^s '■ [^Oyb) — ?■ C; 
since C is definable and the topology is definably generated by Proposition 17.1.1^ 
for some (not necessarily definable) a, the restriction / = fp^g : [a, 6) — )• C is 
continuous. The germ of this function / is well-defined. 

Conversely, given / : [a,b) — )■ C, we obtain a definable type pf on C; namely 
Pf\E = tp{e/E) if t is generic over E in [a, b), and e |= f{t)\E{t). It is clear that 
Pf depends only on the germ of /, that p = pf^g and 5 o / = Id. Hence if the 
germ of / is 74-definable, then each 0-definition dp^(j) is A-definable, and so pf is 
A-definable. A change in the choice of 6 corresponds to reparametrization. □ 

Remarks 7.3.3. (1) The same proof gives a correspondence between invari- 
ant types on C, and germs at b of paths to C, up to reparametrization, 
where now 6 is a Dedekind cut in F. 
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(2) Assume C is M-definable, and p a definable type over C . If M is a 
maximally complete model, or in the definable case if M = dcl(F) for a 
field F, the germ in (2) is represented by an M-definable path. 

(3) Without the assumptions on M in (2), the germ may not have an M- 
definable representative. For instance assume M is the canonical code for 
an open ball of size h. The path in question takes t G (6, oo) to the generic 
type of a closed sub-ball of M, of size t, containing a given point pq. The 
germ at h does not depend on p^, but there is no definable representative 
over M. 

7.4. Lifting paths. Let us start by an easy consequence of Hensel's lemma, valid 
in all dimensions; it will not be used, but may help indicate where the difficulties 
lie (by showing where they do not.) 

Lemma 7.4.1. Let f : X Y be a finite morphism between smooth varieties, 
and let X & X be a closed point. Assume f is unramified at x (z X. Then there 
exists neighborhoods of x in X and Ny ofy inY such that f : X ^ Y induces 
a homeomorphism — )■ Ny. 

Proof. By Hensel's lemma, there exist valuative neighborhoods of x and Vy of 
y such that / restricts to a bijection Vy. We take and Vy to be defined by 

weak inequalities; let and Uy be defined by the corresponding strict inequali- 
ties. Then / induces a continuous bijection Vx Vy which is a homeomorphism 
by definable compactness. In particular, / induces a homeomorphism — )■ Ny, 
where N^ = Ux and Ny = Uy. □ 

In fact this gives a notion of a small closed ball on a curve, in the following 
sense: 

Lemma 7.4.2. Let F be a valued field, C be a smooth curve over F, and let 
a e C{F) be a point. Then there exists an ACVF p- definable decreasing family 
6(7) of g- closed, v-clopen definable subsets of C , with intersection {a}. Any two 
such families agree eventually up to reparametrization, in the sense that if h' is 
another such family then for some 70,71 G F and a G Q>0; for all > 'ji we 
have 6(7) = 6'(q;7 -|- 70). 

Proof. Choose / : C — t- P^, etale at a. Then / is injective on some v-neighborhood 
U of a. We may assume /(a) = 0. Let b.y be the closed ball of radius 7 on 
centered at 0. For some 71, for 7 > 71 we have C f{U) since f{U) is v-open. 
Let 6(7) = f~^{h^) n U. Note that A = {{x,y) e C x : f{x) = y} is a 
v+g-closed and bounded subset of C x P^. It follows from Proposition 14.2. 15| 
Proposition 14.2.171 and Lemma 14.2.201 that 6(7) is g-closed. Since / is a local 
v-homeomorphism it is v-clopen. 

Now suppose 6' (7) is another such family. Let b'^ = f{b' {'-/)). Then by the same 
reasoning b'^ is a v-clopen, g-closed definable subset of A\ with n^>^^b'^ = {0}. 
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Each b'^ (for large 7) is a finite union Uj^]^Cj(7) \ di{'~f), where ^(7) is a closed ball 
and di{'j) is a finite union of open sub-balls of Cj(7), cf. Holly Theorem, Theorem 
2.1.2 of |13] . From |13] it is known that there exists an F-definable finite set S, 
meeting each Ci{'j) (for large 7) in one point Oj. The valuative radius of 0^(7) 
must approach 00, otherwise it has some fixed radius 7^ for large 7, forcing the 
balls in di{'~f) to have eventually fixed radius and contradicting (l^b'^ = {0}. So, 
for every i and large 7, Cj(7) are disjoint closed balls centered at Oj. It follows 
that Cj(7') \ dii^j') C 0^(7) \ c?j(7) for 7 ^ 7'. We have Oj ^ (^1(7), or else for 
large 7' we would have Cj(7') C 6/4(7). Hence G n^Ci(7) \ (^4(7) and = 0. 

Now the balls of 6/1(7) must also be centered in a point of S' for some finite set 
5", and for large 7 we have 01(7) disjoint from these balls; so 6(7) = 01(7) is a 
closed ball around 0. For large 7 it must have valuative radius 0:7 + 70, for some 
aeQ>o,7oGr. □ 

Definition 7.4.3. A continuous map f : X ^ Y between topological spaces 
with finite fibers is topologically etale if there exists a closed subset Z oi X Xy X 
such that Ax U Z = X Xy X , and Z n Ax = 0. 

Remark 7.4.4. Let f : U V he a. continuous definable map with finite fibers. 
Let p be an unramified point, i.e. suppose p has a neighborhood above which / is 
topologically etale. Then, viewing p as a simple point of V, it has a neighborhood 
W such that f~^{W) = U^^Wi, with f\Wi injective. For general V-points this 
may not be true, for instance for the generic point of ball. 

Lemma 7.4.5. Let f : X ^ Y be a finite morphism between varieties over a 
valued field. Let c : I ^ Y be a path, and Xq ^ X . If f : X Y is topologically 
etale above c{I), then c has at most one lift to a path d : I ^ X , with c'{ij) = Xq. 

Proof. Let c' and c" be two such lifts. So {t : c'{t) = c"{t)} is definable. It 
contains the initial point, and is closed by continuity. So it suffices to show that 
if c'{a) = c"{a) then c'{a + t) = c"{a + t), for sufficiently small t < 0. This is clear 
since (c', c") maps into the (closed) complement of the diagonal. □ 

Examples 7.4.6. (1) In characteristic p > 0, let / : — > A^, f{x) = 
x'P — X. Let a G A^ be a closed point, and consider the standard path 
Ca '■ (—00, 00] — 7- A^, with Ca{t) the generic of the closed ball of valuative 
radius t around a. Then f~^{ca(t)) consists of p distinct points for t > 0, 
but of a single point for t < 0. In this sense Ca{t) is backwards-branching. 
The set of backwards-branching points is the set of balls of valuative radius 
which is not a F- internal set. The complement of the diagonal within 
A^ X/ A^ is the union over 7^ a G Fp of the sets Ua = {{ca{t),Cb{t)) : 
a — b = a,t > 0}. The closure (at t = 0) intersects the diagonal in the 
backwards branching points. 
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(2) In characteristic the set of branching points is F-internal; namely the 
balls containing a ramification point. 

(3) The generic of is a forward branch point of the affine curve C : = 
x[x — 1), with respect to x : C — i- A^. 

Because of Example 17.4.61 (1), we will rely on the classical notion of etale only 
near initial simple points. 

Lemma 7.4.7. Let C he a curve over F and let a he a closed point of c. 

(1) Then there exists a path c : [0, oo] — ?■ C* with c(oo) = a, hut c{t) ^ a for 

t < CO. 

(2) If a is a smooth point, and c and c' are two such paths then they eventually 
agree, up to definahle reparametrization. 

(3) // a is in the valuative closure of an F -definahle W , then for large t one 
has c{t) G W. 

Proof. One first reduces to the case where C is smooth. Let n : C* — ?■ C be the 
normalization, and let a G C be a point such that, if a is given as above, 
then a is a limit point of n~^{W). Then the lemma for C and a implies the 
same for C and a. For the lemma is clear by inspection. In general, find a 
morphism p : C — t- P^, with p(c) = which is unramified above 0. By Lemma 
17.4.11 and its proof, there exists a definable homeomorphism for the valuation 
topology between a definable neighborhood F of c and a definable neighborhood 
W of in P^ which extends to a homeomorphism between Y and W . If c and 
c' are two paths to a then eventually they fall into W . This reduces to the case 
of P^. For (3) it is enough to notice that one assumes p{W) U {0} = W . □ 

Remark 7.4.8. More generally let p & C, where C is a curve. If c |= p, let 
res(F)(c) be the set of points of St^ definable over F{c). This is the function 
field of a curve C in St^. One has a definable family of paths in C with initial 
point p, parameterized by C. And any such path eventually agrees with some 
member of the family, up to definable reparametrization. 

7.5. Branching points. Let C be a (non complete curve) over F together with 
a finite morphism of algebraic varieties / : C — )■ defined over F. Given a 
closed ball 6 C A^, let p^ G A^ be the generic type of b. 

By an outward path on A^ we mean a path c : J — )■ A^ with I a interval in Fqo 
such that c(t) = Pb{t), with b{t) a ball around some point cq of valuative radius t. 

Let X be a definable subset of C. By an outward path on (X, /) we mean a 
germ of path c : [a, fe) — )■ X with o c an outward path on A^. We first consider 
the case X = C. 

In the next lemma, we do not worry about the field of definition of the path; 
this will be considered later. 
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Lemma 7.5.1. Let p E C. Then p is the initial point of at least one outward 
path on {C, f) . 

Proof. The case of simple p was covered in Lemma I7.4.7[ so assume p is not 
simple. The point f{p) is a non-simple element of A^, i.e. the generic of a closed 
ball bp, of size a ^ oo. Fix a model F of ACVF over which C, p and / are 
defined, p{F) ^ 0, and a = val(ao) for some G F. We will show the existence 
of an F-definable outward path with initial point p. For this purpose we may 
renormalize, and assume b is the unit ball 0. 

Let c 1= p\F. Then /(c) is generic in 0. Since C is a curve, k{F{c)) is a 
function field over k{F) of transcendence degree 1. Let z : k{F{c)) — k{F) 
be a place, mapping the image of /(c) in k{F{c)) to oo. We also have a place 
Z : F{c) — )■ k{F{c)) corresponding to the structural valuation on F{c). The 
composition z o Z gives a place F{c) — )■ k{F), yielding a valuation v' on F{c). 
Since z o Z agrees with Z on F, we can take v' to agree with val on F. We have 
an exact sequence: 

^ Zv'ific)) v'{F{cy) ^ val(F^) ^ 

with < — f'(/(c)) < val{y) for any y E F with val(?/) > 0. 

Let q = tp(c/F; {F{c),v')) be the quantifier-free type of c over F in the valued 
field {F{c),v'). In other words, find an embedding of valued fields l : (F(c), f ') — 
U over F, and let q = tp(i(c)/F). Similarly, set p = tp(/(c)/F; (F(c), u')) : = 
tp(i(/(c))/F). Since p is definable, by Lemma r2.3.2l it follows that g is a definable 
type over F, so we can extend it to a global F-definable type. Note that q 
comes equipped with a definable map 5 — F with (5^,(g) non-constant, namely 
val(/(a;)). According to Proposition 17.3.2] q corresponds to a germ at of a path 
c : (— oo, 0) — )■ C. Since for any rational function g G F{C) regular on p, we have 
v'{g{c)) = Yal{g{c)) mod Zf'(/(c)), one may extend c by continuity to (— oo,0] 
by c(0) = p. It is easy to check that c is an outward path, since /* o c is a standard 
outward path on A^. □ 

We note immediately that the number of germs at a of paths as given in the 
lemma is finite. Fix an outward path Cq : [oo,a] — )► A^, with Co(a) = f*{p). Let 
OP{p) be the set of paths c : [— oo, a] — )■ C with c(a) = p and /* oc = Cq (on (6, a) 
for some b < a). If Ci, . . . , c^r G OP{p) have distinct germs at a, then for a' < a 
and sufficiently close to a the points Cj(a') are distinct; in particular N < deg(/). 

Definition 7.5.2. A point p G C is called forward-branching for / if there exists 
more than one germ of outward paths c : (6, a] — )■ C with c(a) = p, above a given 
outward path on A^. We will also say in this case that /*(p) is forward-branching 
for /, and even that b is forward-branching for / where /*(p) is the generic type 
of b. 
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Let 6 be a closed ball in A^, pb the generic type of b. Let M \= ACVF, with 
F < M and b defined over M, and let a \= Pb\M. Define n{f, b) to be the number 
of types 

{tp(c/M(a)) : /(c) = a}. 

This is also the number of types: {tp(c/ acl(F(6))(a)) : /(c) = a] (where M is not 
mentioned), using the stationarity lemma Proposition 3.4.13 of [13J. Equivalently 
it is the number of types q{y, x) over M extending pb{x)\M. In other words n{f, b) 
is the cardinal of the fiber of f~^{pb), where / : C — A^. In particular, the 
function b n{f, b) is definable. 

If 6 is a closed ball of valuative radius a, and X > a, both defined over F, 
we define a generic closed sub-ball of b of size A (over F) to be a ball of size A 
around c, where c is generic in b over F. Equivalently, c is contained in no proper 
acl(F)-definable sub-ball of b. 

Lemma 7.5.3. Assume b and A are in dcl(-F), and let b' be a generic closed 
sub-ball of b of size X, over F. Then n{f, b') > n{f, b). 

Proof. Let F{b) < M |= ACVF, and M{b') < M' |= ACVF. Take a generic 
in b' over M'. Then a is also a generic point of b over F. Now n{f,b) is the 
number of types {tp(c/M(a) : /(c) = a}, while n{f,b') is the number of types 
{tp(c/M'(a)) : /(c) = a}. The restriction map sending of type over M'{a) to its 
restriction to M(a) being surjective, we get n{f,b) < n{f,b'). □ 

Lemma 7.5.4. The set FB' of closed balls b such that, for some closed b' ^ b, 
for all closed b" with b ^b" ^ b' , we have n{f, b) < n{f, b"), is a finite definable 
set, uniformly with respect to the parameters. 

Proof. The statements about definability of FB' are clear since b n(/, b) is 
definable. Let us prove that for a e F, the set FB'^ of balls in FB' of size a is 
finite. Otherwise, by the Swiss cheese description of 1-torsors in Lemma 2.3.3 of 
[13] . FB' would contain a closed ball b* of size a' < a such that every sub-ball 
of b* of size a is in FB' . For each such sub-ball 6', for some A = A (6') with 
a' < A < a, we have n(/, b') < n{f, b") where b" is the ball of size X{b') around b'. 
Recall that the generic type of b* is generated by b* and the complements of all 
proper sub-balls, and that this is a stably dominated type. Now A is a definable 
function into F, so it is constant generically on b*. Replacing b* with a slightly 
smaller ball, we may assume A is constant; so we find b of size A such that for 
any sub-ball b' of b of size a, we have n{f,b') < n{f,b). But this contradicts 
Lemma 17.5.31 

Hence FB' has only finitely many balls of each size, so it can be viewed as 
a function from a finite cover of F into the set of closed balls. Suppose FB' is 
infinite. Then it must contain all closed balls of size 7 containing a certain point 
Co G C, for 7 in some proper interval a < 7 < a' (again by Lemma 2.3.3 of |13]). 
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But then by definition of FB' we find 61 C 62 C . . . with n(/, 61) < n(/, 62) < • • •, 
a contradiction. □ 

Proposition 7.5.5. The set of forward-branching points for f is finite. 

Proof. By Lemma 17.5.41 it is enough to prove that if ph is forward-branching, then 
b G FB'. Let n = n{f, b) = \f~^{pb)\- Let c be an outward path on beginning 
at pf,. For each q G f^^{pb) there exists at least one path starting at q and lifting 
c by Lemma 17.5. ![ and for some such q, there exist more than one germ of such 
path. So in all there are > n distinct germs of paths q lifting c. For b" along c 
sufficiently close to b, the Cj(6") are distinct; so n{f,b") > n. □ 

Proposition 7.5.6. Let / : C — ?■ 6e a finite morphism of curves over a valued 
field F. Let Xq & C be a closed point where f is unramified, yo = f{xo), and let c 
be an outward path on A^, with c(oo) = yQ. Let to be maximal such that c(to) is a 
forward-ramification point of f , ort^ = —00 if there is no such point. Then there 
exists a unique F -definable path d : [to, 00) — t- C with f o c' = c, and c'(oo) = Xq. 

Proof. Let us first prove uniqueness . Suppose c' and c" are two such paths. By 
Lemma [7.4.1l and Lemma 17.4. 5^ c'{t) = c"{t) for sufficiently large t. By continuity, 
{t : c'{t) = c"{t)} is closed. Let ti be the smallest t such that c'{t) = c"{t). Then 
we have two germs of paths lifting c beginning with c'{t), namely the continuations 
of c', c". So c'{t) is a forward-branching point, and hence t < to- This proves 
uniqueness on [to, 00). 

Now let us prove existence. Since we are aiming to show existence of a unique 
and definable object, we may increase the base field; so we may assume the base 
field F 1= ACVF. 

Claim 1. Let P C (to, 00] be a complete type over F, with n{f,a) = n 
for a G c(P). Then there exist continuous definable Ci,...,c„ : P — )■ C with 
f*oCi = c, such that Ci{a) 7^ Cj{a) for a & P and i ^ j < n. 

Proof of the Claim. The proof is like that of Proposition 17.3. 'ij but we repeat it. 
Let a ^ P, and let 61, . . . , 6„ be the distinct points of C with /(&«) = c{a). Then 
since dim(C) = 1, TkQT{F{bi))/T{F) < 1, so a generates T{F{bi))/T{F). Hence 
by Theorem I2.8.2[ tp(6j/ acl(-F(a)) is stably dominated. By [13], Corollary 3.4.3 
and Theorem 3.4.4, acl(F(a)) = dcl(F(Q;)). Thus tp{bi/F{a)) G C is a-definable 
over F, and we can write tp{bi/ F{a)) = Ci{a). □ 

Claim 2. For each complete type P C (to, 00], over F, there exists a neigh- 
borhood (ap,/3p) of P, and for each y G /~^(c(/3p)) a (unique) F(y)-definable 
(continuous) path c' : (ap, f3p) — )■ C with / o c' = c and c'{f3p) = y. 

Proof of the Claim. For P = {00} this again follows from Lemma 17.4.11 and 
Lemma 17.4.41 For P a point, but not 00, it follows from Lemma 17.5.11 There 
remains the case that P does not reduce to a point. Say n(/, a) = n for a G c(P). 
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By Claim 1 there exist disjoint ci, . . . , c„ on P with / o q = c. By definabihty 
of the space C, and compactness, they may be extended to an interval («p,/3p] 
around P, such that moreover n(c(/3p)) = n, and the Ci{(3p) are distinct. So 
{cj(/3p) : i = 1, . . . ,n} = /~^(c(/3p)); and the claim follows. □ 

Now by compactness of the space of types, (tg, oo] is covered by a finite union of 
intervals {a, (3) where the conclusion of Claim 2 holds. It is now easy to produce 
c', beginning at oo and glueing along these intervals. □ 

Remark 7.5.7. Here we continue the path till the first time t such that some 
point of C above c(t) is forward ramified. It is possible to continue the path c' a 
little further, to the first point such that c'{t) itself is forward-ramified. However 
in practice, with the continuity with respect to nearby starting points in mind, 
we will stop short even of Iq, reaching only the first t such that c(t) contains a 
forward-ramified ball. 

7.6. Construction of a deformation retraction. Let have the standard 
metric of Lemma 13.8.1^ dependent on a choice of open embedding — P^. 
Define ip : [0, cxd] x P^ — P^ by letting ilj{t,a) be the generic of the closed ball 
around a of valuative radius t, for this metric. By definition of the metric, the 
homotopy preserves (in either of the standard copies of A^). We will refer to 
ijj as the standard homotopy of P^. 

Given a Zariski closed subset D C P^, let p{a,D) = max{p{a,d) : d G D}. 
Define i/jd ■ [0, oo] x P^ ^ pi by VdI^, a) = V^(max(t, p(a, D)), a). In case D = F 
this is the identity homotopy, ipoit, a) = a; but we will be interested in the case 
of finite D. In this case ipD has F-internal image. 

Let C be a projective curve over F together with a finite morphism / : C — )■ P^ 
defined over F. Working in the two standard affine charts Ai and A2 of P^, one 
may extend the definition of forward-branching points of / to the present setting. 
The set of forward-branching points of / is contained in a finite definable set, 
uniformly with respect to the parameters. 

Proposition 7.6.1. Fix a finite F-definable subset Gq of C , including all 
forward-branching points of f , all singular points of C and all ramifications 
points of f . Set G = /(Go) and fix a divisor D in having a non empty 
intersection with all balls in G (i.e. all balls of either affine line in , whose 
generic point lies in G). Then ipD : [0, 00] x P-*^ — )■ P^ lifts to a v + g-continuous 
F-definable function [0, 00] x C — ?■ G extending to a deformation retraction 
: [0, 00] X C — 7- C onto a T -internal subset of G . 

Proof. Fix y G P"*^. The function c'y : [0, 00] — t- P^ sending t to ipD{t,y) is v+g- 
continuous. By Proposition 17.5.61 foi' every x in C there exists a unique (contin- 
uous) path Cx '■ [0, 00] — 7- C lifting c^^^^. This path remains within the preimage 
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of either copy of A^. By Lemma [9.1.11 with X = P^, it follows that the function 
/i : [0, oo] X C — i- C defined by {t,x) H- Cx{t) is v+g-continuous. By Lemma 
13.7.31 h extends to a deformation retraction if : [0, oo] x C — ?■ C. To show that 
H{0,C) is F-internal, it is enough to check that f{H{0,C)) is F-internal, which 
is clear. □ 



8. Specializations and ACV^F 

8.1. g-topology and specialization. Let F be a valued field, and consider 
pairs {K, A), with {K, vk) a valued field extension of F, and A a proper convex 
subgroup of r(K), with Anr(F) = (0). Let vr : r(fs:) -> r(A")/A be the quotient 
homomorphism. We extend vr to TooiK) by 7r(oo) = oo. Let K be the field K 
with valuation tt o vk- We will refer to this situation as a g-pair over F. 

Lemma 8.1.1. Let F be a valued field, V an F-variety, and let U ^ V be 
ACVF p-definable. Then U is g-open if and only if for any g-pair K,K. over F, 
we have U{K) C U{K). The field K may be taken to have the form F[a), with 
a eU. 

Proof. One verifies immediately that each of the conditions is true if and only if 
it holds on every F-definable open affine. So we may assume U is affine. 

Assume U is g-open, and let i^, K be a g-pair over F. If a G V{K) and 
a G f/(K), we have to show that a G U{K). If F is trivially valued, let t be such 
that val(t) > val{K); then K{t), K(i(:) form a g-pair over F{t); so we may assume 
F is not trivially valued. Further, KF""^^ , kF"'^ form a g-pair over F"'^, so we 
may assume F |= ACVF. As U is g-open, it is defined by a positive Boolean 
combination of strict inequalities val(/) < val((7), and algebraic equalities and 
inequalities over F. Since vr is order-preserving on Foo, if vr o Vxif) < vr o Vxig) 
then Vxif) < Vxig)- The algebraic equalities and inequalities are preserved since 
the fields are the same. Hence f/(K) C U{K). 

In the reverse direction, let W = V \ U. Assume W C VF" is ACVF^- 
definable, and for any g-pair K,K. over F, W{K) C ty(K). We must show that 
W is g-closed, that is, defined by a finite disjunction of finite conjunctions of weak 
valuation inequalities v{f) < v{g), equalities f = g and inequalities f ^ g. 

It suffices to show that any complete type q over F extending W implies a 
finite conjunction of this form, which in turn implies W. Let q' be the set of all 
equalities, inequalities and weak valuation inequalities in q; by compactness, it 
suffices to show that q' implies W. Let a \= q', and let K be the valued field 
F{a). (We are done if a G W, so we may take a G U.) Let b \= q, and let 
K = F{b). Since q' is complete inasfar as ACF formulas go, F{a),F{b) are F- 
isomorphic, and we may assume a = b and K, K coincide as fields. Any element 
c of can be written as f{a)/g{a) for some polynomials f,g. Let c, c' G K; 
say c = f{a)/g{a),c' = f'{a)/g'{a). If vk{c) > wx(c') then VK{f{a)g'{a)) > 
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VK{f'{a)g{(i))'i the weak valuation inequality VK{f{x)g'{x)) > VK{f'{x)g{x)) is 
thus in q, hence in q', so vji{f{a)g'{a)) > vj^{f'{a)g{a)), and hence v-k{c) > Vk{c'). 
It follows that the map Vk{c) v-n_{c) is well-defined, and weak order-preserving; 
it is clearly a group homomorphism T{K) — > r(K), and is the identity on T{F). 
By the hypothesis, W{K) C W{K). Since b e W{K), we have a G W(K). But 
a was an arbitrary realization of q', so g' implies W. □ 

Lemma 8.1.2. Let Fq be a valued field, V an Fo-variety, and let W V be 
ACVFpg- definable. Then W is g-closed if and only if for any F > Fq with F 
maximally complete and algebraically closed, and any g-pair K, K over F such 
that T{K) = r(F) + A with A convex and A n T{F) = (0), we have W{K) C 
W{K). 

When V is an affine variety, W is g-closed iff W (1 E is g-closed for every 
bounded, g-closed, F^-definable subset ofV. 

Proof. The "only if" direction follows from Lemma 18.1.11 In the "if" direction, 
suppose W is not g-closed. By Lemma 18.1.11 there exists a g-pair K., K over 
Fq with W{K) ^ W{K)] further, K is finitely generated over Fq, so T{K)®Q, 
is finitely generated over r(Fo)®Q as a Q-space. Let ci,...,Cfc G K he such 
that val(ci), . . . , val(cfc) form a Q-basis for r(iro)®Q/(A + r(Fo))(g)Q. Let F = 
Fo(ci, . . . , Cfc). Then K,K is a g-pair over F, T{K) = T{F) + A, and W{K) ^ 
iy(K). We continue to modify F,K,K.. As above we may replace F by F"'^. 
Next, let K' be a maximally complete immediate extension of K, F' a maximally 
complete immediate extension of F, and embed F' in K' over F. Let K' be the 
same field as K', with valuation obtained by composing val : K' — )■ vali^' = valK 
with the quotient map valK — )■ valK/A. Then K embeds in K' as a valued field. 
We have now the same situation but with F maximally complete. This proves 
the criterion. 

For the statement regarding bounded sets, suppose again that W is not g- 
closed; let i^, K be a g-pair as above, a G W{K), a ^ W{K). Then a eV C A*^; 
say a = (ai, . . . , a„) and let 7 = maxj<„ — val(aj). Then 7 G A + T{F) so 7 < 7' 
for some 7' G r(F). Let E = {{xi, . . . ,Xn) G V : val(a;.j) > —7'}. Then E is 
F-definable, bounded, g-closed, and W D E is not g-closed, by the criterion. □ 

Corollary 8.1.3. Let W be a definable subset of a variety V. Assume whenever 
a definable type p on W , viewed as a set of simple points on W, has a limit point 
p' G V , then p' & W . Then W is g-closed. 

Proof. We will verify the criterion of Lemma [8.1.2[ Let (i^, A),K be a g-pair, 
over F with K finitely generated over F, and T{K) = A + T{F), F maximally 
complete. Let a G W{K). Let a' be the same point a, but viewed as a point of 
V(K). We have to show that a' G iy(K). Let d = {di, . . . , dn) be a basis for A. 
Note tp((i/-F) has = (0, . . . , 0) as a limit point, in the sense of Lemma [4.2.111 
Hence tp((i/F) extends to an F-definable type q. Now tp(a/F((i)) is definable 
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by metastability; hence p = tp{a/F) is definable. Since F is maximally complete 
and r(K) = T{F), p' = tp{a' /F{d')) is stably dominated by Theorem 12. 8. 2^ 
where d' is d viewed in r(K). Furthermore, p' is a limit of p. To check this, since 
M is an elementary submodel and p,p' are M-definable, it suffices to consider 
M-definable open subsets of V, of the form val{g) < oo, val{g) < or vsil{g) > 
with g a regular function on a Zariski open subset of V. If p' belongs to such 
an open set, the strict inequality holds of g{a'), and hence clearly of g{a); so p 
belongs to it too. By assumption, p' G W, so a' G W. □ 

Lemma 8.1.4. Let F be a valued field, V an F-variety, and let U V x T''' be 
ACVF p-definable. Then U is g-closed if and only if for any g-pair K, K over F , 
7i{U{K)) C U(K). 

Proof. If U is g-closed then the condition on g-pairs is also clear, since n is order- 
preserving. In the other direction, let U be the pullback of f/ to K x VF^. Then 
U is g-closed if and only if U is g-closed. The condition n{U{K)) C U(K) implies 
U{K) C f/(K). By Lemma 18.1.1^ since this holds for any g-pair (i^, K), U is 
indeed g-closed. □ 

8.2. v-topology and specialization. Let F be a valued field, and consider 
pairs {K, A), with {K, vk) a valued field extension of F, and A a proper convex 
subgroup of T{K), with T{F) C A. het R= {aeK : vxia) > or vxia) G A}. 
Then M = {a ^ R : vk{(i) ^ A} is a maximal ideal of R and we may consider 
the field K = R/M, with valuation v^{r) = vxia) for nonzero r = a + M E K. 
We will refer to {K, K) and the related data as a v-pair over F. For an affine F- 
variety V C A", let V{R) = V{K)nR^ . li h : V ^ V is an isomorphism between 
F- varieties, defined over F, then since F C R we have h{V{R)) = V'{R). Hence 
V{R) can be defined independently of the embedding in A", and the notion can 
be extended to an arbitrary F-variety. We have a residue map vr : V{R) — ?■ V{K). 
We will write 7r{x') = x to mean: x' G V{R) and it{x') = x, and say: x' specializes 
to X. Note that r(i^) = A. If 7 = vx{x) with x E R, we also write 7r(7) = 7 if 
vk{x) G a, and 71(7) = 00 if 7 > A. 

Lemma 8.2.1. Let V be an F-variety, W an ACVF p-definable subset of V . 
Then W is v-closed if for any (or even one nontrivial) v-pair {K, K) over F with 
K = F , Ti{W{R)) C W{K). The converse is also true, at least if F is nontrivially 
valued. 

Proof. Since ACVFi? is complete and eliminates quantifiers, we may assume W is 
defined without quantifiers. By the discussion above, we may take V to be affine; 
hence we may assume V = A". 

Assume the criterion holds. Let b G V{K)\W{K). If a G V{R), b = 7c{a), then 
a ^ W. Thus there exists a i^T^'^-definable open ball containing a and disjoint 
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from W. Since F = K, we may view K as embedded in R, hence take a = b. It 
follows that the complement of W is open, so W is closed. 

Conversely, assume W is v-closed, and let a G W{R), b = 7r(a). Then b G 
V{K). lib^W, there exists 7 G T{F) such that, in ACVFi., the 7-polydisk 
is disjoint from W. However we have a G D^{b), and a G VT, a contradiction. □ 

Lemma 8.2.2. Let U be a variety over a valued field F , let f : U — )■ Too be 
an F -definable function, and let e G U{F). Then f is v-continuous at e if and 
only if for any v-pair K,K over F and any e' G U{R), with 7r(e') = e, we have 
/(e) = vr(/(e')). 

If F is nontrivially valued, one can take K = F. 

If f[e) G r then in fact f is v-continuous at e if and only if it is constant on 
some v-neighborhood of e. 

Proof. Embed U in afhne space; then we have a basis of v-neighborhoods A^(e, 6) 
of e in parameterized by elements of F, with 5 — )■ 00. 

First suppose 7 = /(e) G F. Assume for some nontrivial f-pair K, F and for 
every e' G U{R) with 7r(e') = e, we have /(e) = 7r(/(e')). To show that f~^{'~f) 
contains an open neighborhood of e, it suffices, since f^^{'~f) is a definable set, to 
show that it contains an open neighborhood defined over some set of parameters. 
Now if we take 6 > F(F), 6 G F(i^), then any element e' of A^(e, 6) specializes to 
e, i.e. vr(e') = e, hence /(e) = /('e) and f~^{g) contains an open neighborhood. 

Conversely if f~^{'~f) contains an open neighborhood of e, this neighborhood 
can be taken to be N{e,6) for some 6 G Q(8>F(F). It follows that the criterion 
holds, i.e. 7r(e') = e implies e' G A^(e, 6) so /(e') = /(e), for any w-pair K, K. 

Now suppose 7 = 00. Assume for some nontrivial f-pair K, F and for every 
e' G U{R) with vr(e') = e, we have /(e) = 7r(/(e')). We have to show that 
for any 7', /~^((7', 00)) contains an open neighborhood of e. It suffices to take 
7' G F(F). Indeed as above, any element e' of N{e,6) must satisfy /(e') > 7', 
since Trf{e') = 00. Conversely, if continuity holds, then some definable function 
h:T ^T,iie' e N{e, h{-f')) then /(e') > 7'; so if n{e') = e, i.e. e' G N{e, 6) for 
all 6 > F(F), then /(e') > F(F) so 7r(/(e')) = 00. □ 

Remark 8.2.3. Let f : U —t- F be as in Lemma [8. 2. 2 ^ but suppose it is merely (v- 
to-g-)-continuous at e, i.e. the inverse image of any interval around 7 = /(e) G F 
contains a v-open neighborhood of e. Then / is v-continuous at e. 

Proof. It is easy to verify that under the conditions of the lemma, the criterion 
holds: 7r(/(e')) will be arbitrarily close to /(e), hence they must be equal. But 
here is a direct proof. We have to show that /~^(7) contains an open neighbor- 
hood of e. If not then there are points Ui approaching e with /(««) 7^ 7. By curve 
selection we may take the Ui along a curve; so we may replace f/ by a curve. By 
pulling back to the resolution, it is easy to see that we may take U to be smooth. 
By taking an etale map to we find an isomorphism of a v-neighborhood of e 



78 



EHUD HRUSHOVSKI AND FRANgOIS LOESER 



with a neighborhood of in A^; so we may assume e = G t/ C A^. For some 
neighborhood Uq of in U, and some rational function F, we have /(O) = val(F) 
for M G f/o \ 0. By (v-to-g-)-continuity we have /(O) = oo or /(O) = val(F) ^ oo 
also. But by assumption 7 7^ 00. Now / = val(-F) is v-continuous, a contradic- 
tion. □ 

Lemma 8.2.4. Let V be an F -variety, W C W' two ACVFp- definable subsets 
ofV. Then W is v-dense in W if and only if for any a G W{F), for some v-pair 
{K,F) and a' G W'{K), n{a') = a. 

Proof. Straightforward, but this and Lemma 18.2.51 will not be used and are left 
as remarks. □ 

Lemma 8.2.5. Let Ube an algebraic variety over a valued field F, and let Z 
be an F -definable family of definable functions f/ — t- F. Then the following are 
equivalent: 

(1) There exists an ACVFp- definable, v-dense subset U' of U such that each 
f E Z is continuous. 

(2) For any K,K such that {K,F) and {K,K) are both v-pairs over F, for 
any e G U{F), for some e' G U{K) specializing to e, for any f G Z{K) and any 
e" G U{K) specializing to e! , we have f{e") = f{e'). 

Proof. Let U' be the set of points where each / G Z is continuous. Then U' is 
ACVF^-definable, and by Lemma E^iSl for K \= ACVFi;' we have: 
e' G U'{K) if and only if for any / G Z{K)., any v-pair (fC, K) and any e" G U{K) 
specializing to e', /(e") = /(e'). 

Thus (2) says that for any v-pair {K,F), and any e G U{F), some e' G U'{K) 
specializes to e. By Lemma [8.2.41 this is equivalent to U' being dense. □ 

Lemma 8.2.6. Let U be an F -definable v-open subset of a smooth quasi- projective 
variety V over a valued field F, let W be an F-definable open subset of F"^, let 
Z be an algebraic variety over F, and let f : U x W ^ Z or f : U x W ^ F^ 
be an F-definable function. We consider F™ and F^ with the order topology. 
We say f is (v,o)- continuous at (a, 6) G f/ x if the preimage of every open 
set containing f{a,b) contains the product of a v-open containing a and an open 
containing b. Then f is (v, o)-continuous if and only if it is continuous separately 
in each variable. More precisely f is (v, o)-continuous at {a.,h) U xW provided 
that f{x,b) is v-continuous at a, and f{a',y) is continuous at b for any a' G U, 
or dually that f{a, y) is continuous at b, and f{x, b') is v-continuous at a for any 
b' G W. 

Proof. Since a base change will not affect continuity, we may assume F \= ACVF. 
The case of maps into Z reduces to the case of maps into Fqo , by composing with 
continuous definable maps into Fqo, which determine the topology on Z. For 
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maps into F^, since the topology on is the product topology, it suffices also 
to check for maps into Too- So assume f : UxW ^ Too and /(a, b) = Jq. Suppose 
/ is not continuous at (a, b). So for some neighborhood Nq of 70 (defined over F) 
there exist (a', b') arbitrarily close to (a, b) with f{a', b') ^ Nq. Fix a metric on 
V near a, and write z/(-u) for the valuative distance of u from a. Also write u'{v) 
for min |f j — where v = (f 1, . . . , Vm), b = (61, ... , 6^)- For any F' D F, let 
TqIF' be the type of elements u with val(a) < val(M) for every non zero a in F', 
and let rf |F' be the type of elements v with < val(t') < val(6) for every b in F' 
with val(6) > 0. Then Tq", are definable types, and they are orthogonal to each 
other, that is, rQ'(x) Urf (?/) is a complete definable type. Consider -u, f G with 
u \= r^\F,v h r^lF. Since F(M,f)'^'5 ^ ACVF, there exist a' G U{F{u,vy^3) and 
6' G such that z/(a') > val(M), u'{b') < val(w), and /(a', 6') ^ iVo. 

Note that any nonzero coordinate of a' — a realizes r^; since Tq is orthogonal 
to rf and f |= r]'|F(u), we have a' — a E so a' G F{u)°'''^. Similarly 

6' G F(F(f)"^^). Say two points of Fqo are very close over F if the interval 
between them contains no point of F(F). By the continuity assumption (say the 
first version), f{a', b') is very close to /(a', b) (even over F{u)) and /(a', 6) is very 
close to f{a,b) over F. So f{a',b') is very close to f{a,b) over F. But then 
f{a',b') G A'^o, a contradiction. □ 

Corollary 8.2.7. More generally, let f : U x F^ x F*" — )■ Z 6e F-definable, and 
let a E U X {00}^, 6 G F™. T/ien / zs (^w, o)-continuous at {a,b) if f{a,y) is 
continuous at b, and f{x,b') is (v, o)-continuous at a for any b' G W . 

Proof. Pre-compose with Idu x val x Idiy. □ 

Remark 8.2.8. It can be shown that a definable function / : F" — F, continuous 
in each variable, is continuous. But this is not the case for Fgo- For instance, 
|a; — ?/| is continuous in each variable, if it is given the value 00 whenever x = 00 
or y = 00. But it is not continuous at (00, 00), since on the line y = x + P it takes 
the value /3. By pre-composing with val x Id we see that Lemma [8.2.61 cannot be 
extended toW CT^. 

8.3. ACV^F. We consider the theory ACV^F of triples {K2, Ki, Kq) of fields 
with surjective, non-injective places Vij : Ki — > Kj for « > j, T20 = Tio ° ^21, such 
that K2 is algebraically closed. We will work in ACV'^Fp^, i-e- over constants for 
some subfield of K2, but will suppress F2 from the notation. The lemmas below 
should be valid over imaginary constants too, at least from F. 

We let Tij denote the value group corresponding to Vij. Then we have a natural 
exact sequence 

-> Fio ^ F20 -> F21 ^ 0. 
The inclusion Fio — > F20 is given as follows: for a G O21, valio(r2i(a)) h-)- val2o(o.)- 
Note that if valio(r2i(a)) = then a G O20 so val2o(a) = 0. The surjection on the 
right is val2o(o) ^ val2i(a.). 



80 



EHUD HRUSHOVSKI AND FRANgOIS LOESER 



Note that (^2, Ki, Kq) is obtained from Kq) by expanding the value group 
by a predicate for Fiq. On the other hand it is obtained from {K2,Ki) by 
expanding the residue field Ki. 

Lemma 8.3.1. The induced structure on {Ki,Kq) is just the valued field struc- 
ture; moreover {Ki,Ko) is stably embedded. Hence the set of stably dominated 
types V is unambiguous for V over Ki, whether interpreted in {Ki,Kq) or in 
{K2,K,,Ko). 

Proof. Follows from quantifier elimination, cf. [13j Proposition 2.1.3. □ 

Lemma 8.3.2. let W be a definable set in {K2,Ki) (possibly in an imaginary 
sort). 

(1) Let f : W ^2,00 be a definable function in {K2, Ki, Kq) . Then there 
exist {K2, Ki) -definable functions fi,...,fk such that on any a G dom(/) 
we have fi{a) = f{a) for some i. 

(2) Let f : r2i W be a {K2, Ki, Kq)- definable function. Then f is {K2, Ki)- 
definable (with parameters; see remark below on parameters). 

In fact this is true for any expansion of {K2, Ki) by relations R C . 

Proof. We may assume {K2, Ki, Kq) is saturated. 

(1) It suffices to show that for any a & W we have f{a) G dcl2i(a), where 
dcl2i refers to the structure M21 = {K2,Ki). We have at all events that /(a) 
is fixed by Aut(M2i/-ft'i, a). By stable embeddedness of Ki in M21, we have 
/(a) G dcl2i(e, a) for some e G Ki. But by orthogonality of r2i and Ki in M21 
we have /(a) G dcl2i(a). 

(2) Let y4 be a base structure, and consider a type p over A of elements of 
r2i. Note that the induced structure on r2i is the same in {K2,Ki,Kq) as in 
{K2,Ki), and that r2i is orthogonal to Ki in both senses. For a \= p, b = f{a), 
let g{b) be an enumeration of the {K2, i^'i)-definable closure of b within Ki (over 
A). By orthogonality, go f must be constant on p; say it takes value e on p. Now 
tp2i(a6/e) 1= tp2i{0'b/Ki) by stable embeddedness of Ki within {K2,Ki). By 
considering automorphisms it follows that tp2i(a6/e) |= tp2io(aV^)? ^'^ tp2i(a6/e) 
is the graph of a function on p; this function must be f\p. By compactness, / is 
(i\:2,iri)-definable. □ 

Remark 8.3.3. Let D be definable in (^^2, -^1, -^0) over an algebraically 
closed substructure {F2,Fi,Fq) of constants. If D is {K2,Ki) definable 
with additional parameters, then D is (i^'2, -^i)-definable over {F2,Fi). This 
can be seen by considering that the canonical parameter must be fixed by 
Aut{K2,K,,KQ/F2,Fi,Fo). 

Lemma 8.3.4. Let W be a {K 2, Ki)- definable set and let I be a definable subset 
of T 21 and let f : I xW ^ ^21,00 be a {K2, Ki, Kq) -definable function such that for 
fixed t G /, ftiw) = f(t,w) is {K2, Ki) -definable. Then f is {K2, Ki)- definable. 
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Proof. Applying compactness to the hypothesis, we see that there exist finitely 
many functions Qk, such that is -ft'i)-definable, is definable, and that 
for any t G / for some k we have /(t, w) = gk{hk{t),w)). Now by Lemma r8.3.2l (2). 
hk is actually (^^2, -ft'i)-definable too. So we may simplify to f{t,w) = Gk{t,w) 
with Gk a {K2, i^'i)-definable function. But every definable subset of / is {K2, Ki)- 
definable, in particular {t : (\/w){f(t,w) = Gk(t,w))}. From this it follows that 
f{t,w) is (i^2, -f^i)-definable. □ 

Lemma 8.3.5. Let T be any theory, Tq the restriction to a sublanguage Lq, and 
letV \= T be a saturated model, Uq = U|Lo. Let V be a definable set o/Tq. Let V, 
Vq denote the spaces of generically stable types in V of T, Tq respectively. Then 
there exists a map tq : V ^ Vq such that ro(p)|Uo = (p|U)|Lo. If A = dc\{A) (in 
the sense ofT) and p is A-definable, then ro{p) is A-definable. 

Proof. In general, a definable type p of T over U need not restrict to a defin- 
able type of Tq. However, when p is generically stable, for any formula (f){x,y) 
of Lq the p-definition {dpx)(f){x, y) is equivalent to a Boolean combination of for- 
mulas (f){x,b). Hence {dpx)(f){x,y) is Uo-definable. The statement on the base of 
definition is clear by Galois theory. □ 

Returning to ACV'^F, we have: 

Lemma 8.3.6. Let V be an algebraic variety over Ki. Then the restriction map 
of Lemma \8. 3. 51 from the stably dominated types ofV in the sense of {K2, Ki, Kq) 
to those in the sense of {Ki.,Kq) is a bijection. 

Proof. This is clear since {Ki,Kq) is embedded and stably embedded in 

{K2,K,,Kq). □ 

We can thus write unambiguously Vio for V an algebraic variety over Ki. 
Now let V be an algebraic variety over K2. Note that Ki may be interpreted 
in {K2, Kq, r2o, Tio) (the enrichment of {K2, Kq, r2o) by a predicate for Fio). 

Lemma 8.3.7. Any stably dominated type of {K2, Kq) in V over U generates 
a complete type of {K2, Ki, Kq) . More generally, assume T is obtained from Tq 
by expanding a linearly ordered sort T of Lq, and that Pq is a stably dominated 
type o/Tq. Then pq generates a complete definable type of T ; over any base set 
A = dc\{A) < M \= T, Pq\A generates a complete T-type over A. 

Proof. We may assume T has quantifier elimination. Then tp(c/y4) is determined 
by the isomorphism type of A{c) over A. Now since r{A{c)) = T{A), any Lq- 
isomorphism A{c) — )■ A{c') is automatically an L-isomorphism. □ 

Lemma 8.3.8. Assume T is obtained from Tq by expanding a linearly ordered sort 
r of Lq, and that in Tq, a type is stably dominated if and only if it is orthogonal 
to r. Then the following properties of a type on V over U are equivalent: 
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(1) p is stably dominated. 

(2) p is generically stable. 

(3) p is orthogonal to T. 

(4) The restriction Pq of p to Lq is stably dominated. 

Proof. The implication (1) to (2) is true in any theory, and so is (2) to (3) given 
that r is hnearly ordered. Also in any theory (3) implies that pq is orthogonal to 
r, so by the assumption on Tq, p is stably dominated, hence (4). Finally, given 
that po is stably dominated and generates a type p of L (Lemma 18. 3. 7p . it is clear 
that this type is also stably dominated. Using the terminology from |T3] p. 37, 
say p is dominated via some definable *-functions f : V ^ D, with D a stable 
ind-definable set of Tq. 

Since T is obtained by expanding F, which is orthogonal to D, the set D 
remains stable in T. Now for any base A of T we have that p\A is implied by 
Po\A, hence by {f,{po)\A){f{x)), hence by {f,{p)\A){f{x)). So (4) implies (1). □ 

Lemma 8.3.9. For ACV'^F , the following properties of a type on V over U are 
equivalent: 

(1) p is stably dominated. 

(2) p is generically stable. 

(3) p is orthogonal to F2o- 

(4) The restriction P20 of p to the language of{K2,KQ) is stably dominated. 
Proof. Follows from Lemma [8.3.81 upon letting Tq be the theory of {K2, Kq). □ 

8.4. The map r2i : V20 — > V21. Let V be an algebraic variety over K2. We have 
on the face of it three spaces: V2j the space of stably dominated types for {K2, Kj) 
for j = and 1, and V210 the space of stably dominated types with respect to the 
theory {K2, Ki, Kq). But in fact V20 can be identified with V210, as Lemmas 18.3.71 
and 18. 3. SI show. We thus identify V210 with ¥20- 

By Lemma [8.3.5^ we have a restriction map r2i : V20 = V210 V21. Note that 
r2i is the identity on simple points. Note also that r2i is continuous. 

We move towards the (^^2, -^i)-definability of the image of [K2,Ki.,Kq)- 
definable paths in V . 

Lemma 8.4.1. Let f : F20 V20 be {K2, Ki, Ko)-(pro-) definable. Assume 
^"21 ° / = / ° for some f : F21 — > V21 with tt : F — )■ F21 be the natural projection. 
Then f is {K2, Ki)-(pro-) definable. 

Proof. Let U he a {K2, fri)-definable set, and let g : V x U F21 be definable. 
We have to prove the (/r2; -^i)-definability of the map: (7,m) g{f{a),u), 
where g{q,u) denotes here the g-generic value of g{v,u). For fixed 7, this is just 
u H-;- g{q,u) for a specific q = r2i{p), which is certainly (i^'2; -^i)-definable. By 
Lemma [8. 3. 4[ the map : (7,^) 1— t- g{f{a),u) is (i^2, -^i)-definable. □ 
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Lemma 8.4.2. Let f : — > V20 be a path. Then there exists a path f : — )■ 
V21 such that o / = / o TT. 

Proof. Let us first prove the existence of / as in Lemma 18.4. II Fixing a point 
of r2i, with a preimage a in F, it suffices to show that r2i o / is constant on 
{7 + 0:76 Fio}. Hence, for any (f){x,y) we need to show that 7 i— t- 7r(/(7 + a)*(/)) 
is constant in 7; or again that for any b, the map 7 1— i- 7r(/(7 + a)*0(6)) is constant 
in 7. This is clear since any definable map Fio — ?• F21 has finite image, and by 
continuity. By Lemma 18.4.11 / is definable, it remains to show it is continuous. 
This amounts, as the topology on V is determined by continuous functions into 
F, to checking that if (7 : F — t- F is continuous and {K2, Ki, KQ)-definab\e, then 
the induced map F21 — ?■ F21 is continuous, which is easy. □ 

Example 8.4.3. Let a G and let fa : [0, 00] — > be the map with fa{t) = the 
generic of the closed ball around a of valuative radius t. Then r2iofa{t) = /a(7r(t)), 
where on the right is interpreted in {K2, Ki) and on the left in {K2, Kq). Also, 
if f2{t) is defined by = /,(max(t,7)) for then r2i o f2{t) = f<^\t). 

Let have the standard metric of Lemma 13.8.11 Given a Zariski closed set 
D C of points, recall the standard homotopy : [0, 00] x P^ — )■ P^ defined in 

ESI 

Lemma 8.4.4. For every {t,a) we have r2i oiljD(t,a) = ilJo{'^{t),0') , where on 
the right ip is interpreted in {K2, Ki) and on the left in {K2, Kq). 

Proof. Clear, since 7Tp{a,D) = p2i{a,D). □ 

Lemma 8.4.5. Let f : V V be an ACF-definable map of varieties over 
K2. Then f induces /20 : V20 — )■ V'20 and also /21 : V21 — )■ ^'21- have 
r2i o /20 = /21 o r2i . 

Proof. Clear from the definition of r2i. □ 

8.5. Relative versions. Let V be an algebraic variety over U, with U an alge- 
braic variety over K2, that is, a morphism of algebraic varieties f : V ^ U over 
K2. We have already defined the relative space V/U. It is the subset of V con- 
sisting of types p &V such that f{p) is a simple point of U. A map h : W ^ V/U 
will be called pro-definable (or definable) if the composite W ^ V is. We en- 
dow V/U with the topology induced by the topology of V. In particular one can 
speak of continuous, v-, g-, or v+g-continuous maps with values in V/U. Exactly 
as above we obtain r2i : V/U2Q — )■ V/U so that the restriction to a definable 
element Vq G V is the r2i previously defined on Uq, with Uq the fiber over vq. 
The relative version of all the above lemmas holds without difficulty: 
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Lemma 8.5.1. Let f : ^/f^20 {K2, Ki, Kq) -definable. Assume r2io f = 

/ o TT for some f : — > V/U2i- Then f is {K2, Ki) -definable. 

Proof. Same proof as Lemma [8.4. 11 or by restriction. □ 

Lemma 8.5.2. For (continuous) paths f : — ?■ ^/t^20 assumption that 
^21 ° / factors through T21 is automatically verified. 

Proof. This follows from Lemma [8.4. 21 since a function on f/ x r2o factors through 
U X r2i if and only if this is true for the section at a fixed m, for each u. □ 

Example 18.4.31 goes through for the relative version x U/U, where now a 
may be taken to be a section a : U ^ A^. 

The standard homotopy on defined in 17.61 may be extended fiberwise to a 

homotopy : [0,oo]xF^ xU — t- x f//f/, which we still call standard. Consider 
now an ACF-definable (constructible) set C P^ x f/ whose projection to U has 
finite fibers. One may consider as above the standard homotopy with stopping 

time defined by D at each fiber ipD : [0, 00] x P^ x f/ — )■ P^ x U/U. 
In this framework Lemma 18.4.41 still holds, namely: 

Lemma 8.5.3. For every (t, a) we have r2i o'0£)(t, a) = ip]:){TT{t),a), where on 
the right ip is interpreted in {K2,Ki) and on the left in {K2,Kq). 

Finally Lemma 18.4.51 also goes through in the relative setting: 

Lemma 8.5.4. Let f : V V be an ACF-definable map of varieties overU (and 

over K2). Then f induces /20 : V/U20 ~^ ^'/^20 '^'^^ ^^■^^ /21 : ^/f^2i ~^ '^'1^21- 
We have r2i o /20 = /21 o ''^21 ■ □ 

8.6. g-continuity criterion. Let F < K2. Assume V2q{F) fl Fio = (0); so 
{F,V2o\F) = {F,V2i\F). In this case any ACVFiT'-definable object can be in- 
terpreted with respect to {K2,Ki)f or to {K2, Kq)f- We refer to 020, 02i- In 
particular if V is an algebraic variety over F, then V20 = V21 = V^; is ACVFi;'- 
pro-definable, and V20, V21 have the meaning considered above. If f : W ^ V is 
a definable function with W a g-open ACVFi^-definable subset fo V, we obtain 
f2j : W V2j, j = 0,1. Let W21, W2Q be the interpretations of W in {K2, Ki), 
{K2,Kq). By Lemma [8.1.11 we have W21 C W2o. 

Lemma 8.6.1. Let V be an algebraic variety over F and W be a g-open ACVFj?- 
definable subset ofV. Assume V2o{F) fl Fig = (0). 

(1) An ACVFp- definable map g : W ^ Fqo is g-continuous if and only if 
fi'21 = vr o g2o on W21 . 

(2) An KCYY F- definable map g : W x Too — ^ Fqo is g-continuous if and only 
if 921 o 7r2 = TT o 5(20 on W21 x (F2o)oo, where 'iT2{u,t) = {u,Tr{t)), tt being 
the projection F20 — ^ F21 . 
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(3) An ACVFp- definable map f : W ^ V is g-continuous if and only if 
/21 = ^21 o /20 on W2l. _ 

(4) An ACVFp -definable map f : W x V is g-continuous if and only 
if /21 o TTa = rai o /20 W21 x (r2o)oo- 

Proof. (1) The function g is g-continuous with respect to ACVFi? if and only if 
for any open interval / of r2i, U = g^^{I) is g-open. Let us start with an interval 
of the form I = {x : x > val2i(a)}, with a G K2. 

By increasing F we may assume a E F. (We may assume F = . There IS 
no problem replacing F by F{a) unless V2o{F{a)) fl Fio 7^ (0). In this case it is 
easy to see that V2i{a) = V2i{a') for some a' G F, so we may replace a by a'.) 

We view U as defined by g{u) > val(a) in ACVF^;'. By Lemma [8.1.H U is g- 
open if and only if U21 C U20, that is, g2i{u) > val2i(a) implies g2o{u) > val2o(a), 
or, equivalently, g2i{u) < 7f{g2o{u)). By considering intervals of the form I = {x : 
X < val2i(a)} one gets the similar statement for the reverse equality. 

(2) Let G{u,a) = g{u,val{a)). Then g is g-continuous if and only if G is g- 
continuous. The statement follows from (1) applied to G together with Lemma 
ISXTl and Lemma EAl 

For (3) and (4), we pass to affine V, and consider a regular function H on V. 
Let g{u) = f (u) ^^{valH) . Then /21 = r2i o /20 if and only if for each such H we 
have (721 = o (720; and / is g-continuous if and only if, for each such H, g is 
g-continuous. Thus (3) follows from (1), and similarly (4) from (2). □ 

Remark 8.6.2. A similar criterion is available when W is g-closed rather than 
g-open; in this case we have W20 C W21, and the equalities must be valid on W2i- 
In practice we will apply the criterion only with g-clopen W. 

As an example of using the continuity criteria, assume h : V W is a finite 
morphism of degree n between algebraic varieties of pure dimension d, with W 
normal. For w G W, one may endow h'^{w) with the structure of a multi-set 
(i.e. a finite set with multiplicities assigned to points) of constant cardinality 
n as follows. One consider a pseudo-Galois covering h' : V ^ W of degree n' 
with Galois group G factoring as h' = h o p with p : V ^ V finite of degree 
m. If y' G y, one sets m{y') = |G'|/|Stab(y')| and for y E V, one sets m{y) = 
^/mJ2p{y')=y^{y')- The function m on ^ is independent from the choice of the 
pseudo-Galois covering h' (if h" is another pseudo-Galois covering, consider a 
pseudo-Galois covering dominating both h' and h"). Also, the function m on 
V is ACF-definable. Let i? be a regular function on V and set r = val o R. 
More generally, R may be a tuple of regular functions {R^, . . . ,-R™), and r = 
(val o i?^, . . . , val o R^y The push-forward r{h~^{w)) is also a multi-set of size n, 
and a subset of FJ^. Given a multi-set Y of size n in a linear ordering, we can 
uniquely write Y = {yi, . . . with yi < ■ ■ . < yn and with repetitions equal 
to the multiplicities in Y. Thus, using the lexicographic ordering on FJ^, we can 
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write r{h ^{w)) = {ri{w), . . . ,rn{w)}; in this way we obtain definable functions 
Ti -.W ^ Too, i = 1, . . . , "H.. In tliis setting we liave: 

Lemma 8.6.3. The functions ri are v+g- continuous. 

Proof. Note tliat if (7 : A — )■ i? is a weakly order preserving map of linearly ordered 
set, X is a multi-subset of A of size n and Y = g{X), then g{xi) = yi for i < n. 
It follows that both the v-criterion Lemma [8.2.21 and the g-criterion Lemma [8.6. II 
(a) hold in this situation. □ 

Corollary 8.6.4. Let h : V ^ W be a finite morphism between algebraic varieties 
of pure dimension d over a valued field, with W normal. Then h : V —> W is an 
open map. 

Proof. We may assume that W and hence V are affine. A basic open subset of V 
may be written as G = {p : {r{p)) G U} for some r = (val o i?^, . . . , val o i?™), 
regular functions on V, and some v+g-open definable subset U of F^. Consider 
the functions as in Lemma [8.6.31 By Lemma [8.6.3l they are v+g-continuous. By 
Lemma [3. 7. H they extend to continuous functions fi : W ^ Foo- Since w G h{G) 
if and only if for for some i we have fi{w) G U, it follows that h{G) is open. □ 

Note the necessity of the assumption of normality. If /i is a a pinching of P^, 
identifying two points a ^ b, the image of a small valuative neighborhood of a is 
not open. 

Corollary 8.6.5. Let h : V ^ W be a finite morphism of algebraic varieties 
of pure dimension d over a valued field, with W normal. Let ^ : V — )■ F'J^ be a 
definable function. Then there exists a definable function ^' -.W F™ such that 
for any path p : I V , still denoting by ^ and ^' their canonical extensions to V 
and W , if ^' oh op is constant on I, then so is ^ o p. 

Proof. Any definable function ^ : — )■ FJ^ can be written ^ = c? o with ^* : 
V — )• F;^ a v+g continuous function. (On P", the valuation of a rational function 
f/g factors through val(/) — min(val(/), va^^f), val((7) — min(val(/), val((7)).) So 
we may assume ^ is continuous. Also, we can treat the coordinate functions 
separately, so we may as well take '■ V ^ Too- Let d = deg{h), and define 
^i, . . . ,C,d on W as above, so that the canonical extension of (still denoted by 
^i) is continuous on W and ^{v) G {^i{h{v)), . . .,^d{h{v))}. Let ^' = (^1, . . . 
Now if o op is constant on /, then ^op takes only finitely many values, so by 
definable connectedness of / it must be constant too. □ 

8.7. The map rio. Let V be an algebraic variety defined over a field F2 C O21. 
This means that V2i{a) > for a G F2, so V2i{a) = for a G F2, equivalently 
^20(^2) ^ FiQ. This is the condition of the v-criterion, cf. Lemma 18.2.11 and 
the definitions above it, and Lemma [8.2.21 Let Fi = r2i{F2), hence induces 
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a field isomorphism res : F2 Fi. Let Vi be the conjugate of V under the field 
isomorphism res, so (F2, V) = (Fi, Vi). We can also view Vi as the special fiber 
of the 021-scheme V2®F2C)2i- As noted earlier, Vi is unambiguous for varieties 
over Fi. 

Recall V20 = V210- Now V210 has a subset Vq = V{02i) consisting of types 
concentrating on V{(D2i)- We have a definable map res : V{02i) — )■ V{Ki). This 
induces a map 

rio = res* -.Vq-^Vi. 

Let = {x & r20oo : X > V x G Fio}. Define a retraction rio : F^q — t- Fiooo 
by letting rio(x) = 00 for x G F^q \ Fiq. Note that rio is the same as the map 
vr of Lemma 18.2.21 and the "only if" direction of that lemma implies that rio is 
functor ial with respect to maps of the form val o g : V ^ Fqo- 

Lemma 8.7.1. Let W be an ACVF definable subset o/P" x F^. Let V be an 

algebraic variety over F2, let X be an ACWY F2- definable subset ofV and consider 
an ACVF p^- definable map f : V ^ W. Assume vioo f2o = /loO'^'io (it x whenever 
X G V{02i) o-nd rio(x) G X. Then f is v-continuous at each point of X. Hence 
if f is also g-continuous, then the canonical extension F -.V is continuous 

at each point of X . 

Proof. As in the proof of Lemma 13.7.1^ to show that / is v-continuous at each 
point of X it is enough to prove that for any continuous definable function c : 
W — )■ F^, c o / is v-continuous at each point of X. Since, by the functoriality 
noted above, the equation holds for c o /, we may assume f : V ^ T^. In this 
case the statement follows from Lemma [8.2.21 The last statement follows directly 
from Lemma 13.7.11 □ 

Remark 8.7.2. Let F{X) G 02i[-^] be a polynomial in one variable, and let 
/(X) be the specialization to i^i[X]. Assume / 7^ 0. Then the map r2i takes the 
roots of F onto the roots of /. Indeed, consider a root of /; we may take it to 
be 0. Then the Newton polygon of / has a vertical edge. So the Newton polygon 
of F has a very steep edge compared to Fio. Hence it has a root of that slope, 
specializing to 0. 

The following lemma states that a continuous map on X remains continuous 
relative to a set U that it does not depend on; i.e. viewed as a map on X x f/ 
with dummy variable U , it is still continuous. This sounds trivial, and the proof 
is indeed straightforward if one uses the continuity criteria; it seems curiously 
nontrivial to prove directly. 

For U a definable set and b E U, let Sb denote the corresponding simple point 
of U, i.e. the definable type x = b. For q E V, q<^Sb is the unique definable type 
q{v,u) extending q{v) and Sb{u). 
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Lemma 8.7.3. Let U and V be varieties, X a v+g-open definable subset of a 
variety V , or ofV x Too- Let f : X V be v+g- continuous, and let f{x,u) = 
f{x)^Su- Then f : X x U ^ V x U is v+g- continuous. 

Proof. For g-continuity, we use Lemma 18.6.11 (3) and (4). We have /21 = r2i o 
/20 on X21. Also for x G X2i,u G f/21, we have f2i{x,u) = /2i(a;)®,s„, and 
f2o{x,u) = f2o{x)^Su- Moreover we noted that r2i is the identity on simple 
points, so r2i{p^Sb) = r2i{p)^Sb in the natural sense. The criterion follows. 

For v-continuity, Lemma 18.7.11 applies. Assume rio(a;) G X, so a; G X. Let 
u G f/(02i)- We have o f2o{x) = fw o rio(x). Now rio(g®Sn) = rio{q)®Su, 
where u = rio(n), and riQ{x,u) = (rio(x),u), so the criterion follows. □ 

Recall that the map ^: UxV-^UxV is well-defined but not continuous. 
If f : I X V ^ V is a homotopy, let (p : I x V ^ V he the restriction to simple 
points, and let {(f)^ld)(t,v,u) = (t>(t,v)<^u. By Lemma r8.7.3[ (0(8>Id) is v+g- 

continuous. By Lemma I3.7.2[ it extends to a homotopy IxVxU-^VxU, 
which we denote / x Id. We easily compute: / x ld{t,p®q) = f{t,p)^q. 
Let X and Y be definable subsets of U and V. 

Corollary 8.7.4. Let f : I x X X , g : I' x Y ^ Y be two homotopies from 
Idxjidy to fo,go, respectively, whose images S,T are T -internal. Then there 
exists a homotopy h : [I + I') x X x Y ^ X x Y whose image equals S®T . 
The canonical map : X xY ^ X xY is a homotopy equivalence. 

Proof. Recall / + /' is obtained from the disjoint union of /, /' by identifying 
the endpoint 0/ of / with the initial point of /'. Let h be the concatenation 
composition of / x Id with Id x g: 

h{t, z) = f^<ld for t G /, h{t, z) = fdx~g{t, 71715(0/, z)) for t G /' 

So h{t,p®q) = f{t,p)(S)q for t e I, and = f{Oi,p)^g{t,q) for t G In 
particular, h{Oj/,p^q) = fiOj,p)0g{Oji,q). 

Since any simple point of X x Y has the form a^b, we see that h{Oir,X x F ) C 
S^T. Hence for any r G X x F, h{Oj/, r) is an integral over r of a function into 
S^T. But as S^T is F-internal, and r is stably dominated, this function is 
generically constant on r, and the integral is an element of S^T. Thus the final 
image of h is contained in S^T. 

Using again the expression for h{t,p^q) we see that if f{t,s) = s foT s E S 
and g{t, y) = y for y E T, then h{t, z) = z for all t and all z G S^T. So the final 
image is exactly equal to S^T. 

For the final statement, we have a homotopy equivalence ho' : X x Y ^ S xT. 
Moreover tt o Hq' = (/o X go') ° ^r. Since (/o x gQ/) is a homotopy equivalence 
and vrKS* x T) is a homeomorphism, tt is the composition of three homotopy 
equivalences (or their inverses), and so is a homotopy equivalence. □ 
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Remark 8.7.5. When X,Y are v+g-closed and bounded, so that X x Y is de- 
finably compact, we conclude that the image S^T is definably compact. Since 
the map XxY—^XxY is continuous, and the restriction to S^T is bijective, 
it follows that S^T S xT is a homeomorphism, in other words the restriction 
of ® to S* X T is continuous. Now according to Theorem IIO.I.H homotopies can 
be found so that S, T contain any given F-internal subset of X, Y. Hence the 
restriction of to 5" x T' is continuous whenever S', T' are F-internal subsets of 
X, Y. This can also be shown more directly using the semi-latttice representation 
of F-internal sets. 



9. Continuity of homotopies 

9.1. Preliminaries. The following lemma will be used both for the relative curve 
homotopy, and for the inflation homotopy. In the former case, X will be V \ 
Dyert U Dq. Points of Dyer H Df) are fixed by the homotopy; over these points 
unique lifting is clear, since a path with finite image must be constant. 

Lemma 9.1.1. Let f : W ^ U be a morphism of varieties over some valued 
field F. Let h : [0,oo] x U ^ U be F-definable. Let H : [0,oo] x W ^ W be 
an F-definable lifting of h. Let H^{t) = H{t,w) and hu{t) = h{t,u). Assume 
for all w G W , and /?-/(«,) are (continuous) paths and that is unique path 
lifting hf(^w) with Hj^{oo) = w. Let X be a g-open definable subset of U. Assume 
h is g-continuous, and v-continuous on (respectively, at each point of) [0, oo] x X. 
Then H is g-continuous, and is v-continuous on (respectively at each point of) 
[0, oo] X /^^(X) (we say a function is v-continuous on a subset, if its restriction 
to that subset is v-continuous). 

Proof. We first use the criterion of Lemma r8.6.1l (4) to prove g-continuity. We may 
assume the data are defined over a subfield F of K2., such that V2o{F) flFio = (0); 
so (F,^;2o) = {F,V2i). 

To show that H21 o 712 = r2i o H20, we fix w G W . By Lemma I8.4.2[ r2i o 
H2o{w,t) = H'^ o TT for some path H'^. To show that H2i{w,t) = H'^(t), it is 
enough to show that f oH'^ = hfi^^y It is clear that if^(oo) = if2o(oo) = w since 
r2i preserves simple points. To see that / o H'^ = h it suffices to check that 
f oH'^oTT = hf(^^) o TT, i.e. / o r2i o H2o{w, t) = r2i o hf^^). Now / o o H20 = 
f2i ° ^20 = ^21 o 7r2. It follows that the g-continuity criterion for H is satisfied. 

Let now use the v-continuity criterion in Lemma 18.7.11 above X, 
(rio o H2o)(t,v) = {Hio o rio)(t,f) whenever (/ o rio){v) G X. Fixing w = rio(f), 
Hio(t,w), for t G Fio, is the unique path lifting and starting at w, 

hence to conclude it is enough to prove that rio o H2o{t,v) also has these 
properties. But continuity follows from Lemma 19.1.21 and the lifting property 
from Lemma [9.1.31 □ 
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In the next two lemmas we shall use the notations and assumptions in 18.71 In 
particular we will assume that f2o(-^2^) ^ Ticoo- 

Lemma 9.1.2. Let V be a quasi-projective variety over F2. Let f : [0, 00] C 

r20oo V20 be a {K2^ Kq)- definable path defined over F2, with /(oo) a simple 
point po of Vq . Then: 

(1) For allt, fit) G %. 

(2) We have rio(/(t)) = rio(]9o) for positive t G Tao \ Tiq. 

(3) The restriction of Tiq o f to [0, 00] C Fiooo is a continuous {Ki,Kq)- 
definable path [0, 00] C Fiooo — > Tiooo — >■ Vi. 

Proof. Using base change if necessary and Lemma 16.3.11 we may assume V C A" 
is affine. So / : [0, 00] C r20oo ^"20 and we may assume V = A". 

To prove (1) and (2), by using the projections to the coordinates, one reduces 
to the case V = A^. Let p{t) = v{f{t) —po)- Then p is a continuous function 
[0, cxo] — )■ Foo, which is F-definable (in {K2,Ko)), and sends 00 to 00. If p is 
constant, there is nothing to prove, since / is constant, so suppose not. As F 
is stably embedded, it follows that there is a G F2o(-^) C Fio such that for 
allt G [0, +oo],a < p{t). Hence, if t G [0, +oo]2o, then f2o(/(^) ~ Po) ^ ct; which 
implies that f{t) G O21 as desired, and gives (1). Again, by F-definability and 
since / is not constant, for some p > and (3 G F2o(-^), if t > /3, then p{t) > pt. 
Thus, when t > Fio, then n{p(t)) = 0, i.e., rio(/(t)) = rio(po)- 

(3) Definability of the restriction of Tiq o / to [0, 00] C Fiooo follows directly 
from Lemma [8. 3. 11 For continuity, note that if /i is a polynomial on = A*^, over 
Ki and if if is a polynomial over O21 lifting h, then V2o{H{a)) = Wio(/i(res(a)). 
It follows that for t 7^ 00 in [0, 00] C Fiooo continuity of / at t implies continuity 
of rio o /. 

In fact since (rio ° f{t))*h factors through 7rio(t) as we have shown in (2), the 
argument in (3) shows continuity at 00 too. To see this directly, one may again 
consider a polynomial h on V = A"' over Ki and a lift H over O21, and also lift 
an open set containing rio{po) to one defined over a subfield F2 contained in O21. 
The inverse image contains an interval (7,00), and since 7 is definable over F2 
we necessarily have 7 G Fiq. The pushforward by ttio of (7, 00) contains an open 
neighborhood of 00. □ 

Lemma 9.1.3. Let f : V ^ V be a morphism of varieties defined over F2. Then 
f induces /20 : V20 V^o md also /lo : Vi — )■ V(. We have rio ° /20 = /lo ° '''lo- 



Proof. In fact /20, /lo are just induced from restriction of the morphism '■ 
V X Spec02i ~^ y Spec02i, to the general and special fiber respectively, 
and the statement is clear. □ 
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Lemma 9.1.4. Let U be a projective variety over a valued field, D a divisor. Let 
m be a metric on U, cf. Lemma [J. 8. 11 Then p{u,D) = sup{m{u,d) : d G D} is 
v+g- continuous. 

Proof. Let p{u) = p{u,D). It is clearly v-continuous. Indeed, if p{u,D) = a eT, 
then p{u', D) = a for any u' with m{u, u') > a. If p{u, D) = oo then p{u', D) > a 
for any u' with m{u, u') > a. Let us show g-continuity by using the criterion in 
Lemma [8.6.11 Let {K2, Ki, Kq), F be as in that criterion. Let u G U{K2). We 
have to show that p2i{u) = (770 p2o){u). Say p2o{u) = m{u,d) with d G D{K2). 
Then m2i{u,d) = 7r(m(M,(i)) by g-continuity of m. Let a = 7c{m{u,d)) and 
suppose for contradiction that P2i{u) 7^ a. Then m2i{u,d') > a for some d'. We 
have again m2i{u,d') = '7i{m2o{u,d')) so m2o{u,d') > m2o{u,d), a contradiction. 

□ 

Remark 9.1.5. In the proof of Lemma r9.1.4[ semi- continuity can be seen directly 
as follows. Indeed, p~^(oo) = D which is g-clopen. It remains to show {u : 
p{u, D) > a} and {u : p{u, D) < a} are g-closed. Now p{u, D) > a ii and only if 
{3y G D){p{u,y) > a) ; this is the projection of a v+g-closed subset of U, hence 
v+g-closed. The remaining inequality seems less obvious without the criterion, 
which serves in effect as a topological refinement of quantifier elimination. 

Lemma 9.1.6. Let h : U x I ^ U be a homotopy. Let 7 : f/ I be a 

definable continuous function. Let h['~f] be the cut-off, defined by h['~f]{u,t) = 
max(t, 7(m))). Then h['j] is a homotopy. 

Proof. Clear. □ 

Lemma 9.1.7. Let U be an affine variety over some valued field F , f : U ^ T be 
an F -definable function. Assume f is locally bounded on U , i.e. any u U has 
a neighborhood in the valuation topology where f is bounded. Then there exists a 
v+g- continuous F-definable function F : A" — )■ Foo such that f{x) < F[x) G F 
for X eU . 

Proof. Replacing f{u) by the infimum over all neighborhoods w of m of the supre- 
mum of / on w, we may assume / is semi-continuous, i.e. {u : f{u) < a} is open. 
Let ((yfi, . . . , (yfj) be generators of the coordinate ring of [/, g{u) = min —{vaA{gi{u))) 
Note that g{u) eV for u eU. Now 

Ua = {x : g{x) < a} 

is v+g-closed and bounded, hence Ua is definably compact by Lemma [4.2.41 By 
Lemma 14.2. 16[ since is covered by the union over all 7 G F of the open 
sets {x : f{x) < 7}, / is bounded on Ua', let /i(a) be the least upper bound. 
Piecewise in F, fi is an affine function. It is easy to find m G N and Cq G F such 
that fi{a) < ma + cq for all a > 0. Let F{x) = mg{x) + cq. □ 
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9.2. Continuity on relative P^. To define the relative P^-homotopy over the 
variety U, we require the following data: a line bundle L over U; a trivialization 
to of L over an open subset Uq of U; E = F{L © 1); so is a P^-bundle over U, 
and the pullback Eq to Uq is trivial, Eq = UqxF^. We are further given a divisor 
Dq on E, finite over U, that we take to contain the divisor at oo at each fiber, 
E \ L; and another divisor D on E, containing Dq. Let Dyer be the vertical part 
of D, i.e. a divisor on U whose pullback to E is contained in D. We assume Dyer 
contains U \ Uq. Moreover we make use of a distinguished and oo in P^ so that 
the notion of a ball and the standard homotopy are well-defined, cf. Lemma [3.8.11 
Lemma 17.6.11 

In practice we will have U = P"^^, E will be the blowup of P" at one point, 
and Dq will be a divisor away from which inflation is possible. 

Again consider the metric of Lemma [3.8. II on P^ D A^. Let ipn '■ [0,oo]x Eq 

Eq/Uq be the standard homotopy with stopping time defined by D at each fiber, 
as defined above Lemma [8.5.31 We extend ipo to [0, oo] x by il)£){t,x) = x for 
X ^ E \ Eq. Of course is not continuous at a general point of E \ Eq, but we 
wish to show that it is g-continuous, and v-continuous at X = EqU Dq. 

Let Lu be the fiber of L at u. Note that the restriction of ipj:, to P-*^ = P(-L„ © 1) 
fixes the point at oo, and so leaves invariant the affine line L„. Furthermore, if 
hu{x) is a polynomial whose roots are DqHLu, then val(/i„(a;)) = val{hu{ipDit, x))) 
for all t (that is, tpo does not increase schematic distance from Dq on Ly). Indeed, 
it suffices to show this for all t up to the stopping time of the homotopy ipu- Up 
to this time, either ipu{t, x) = x or else ipu{t, x) is the generic of a certain ball b 
around x, not containing any point of D and in particular of Dq. Hence val(/i„) 
is constant on b. 

Lemma 9.2.1. The pro-definable map ipQ : \^,oo\ x E ^ E is g-continuous on 
[0, oo] X and v-continuous at each point o/ [0, oo] x X for X = EqU Dq. 

Proof. Since Dyer is g-clopen g-continuity may be shown separately on Dyer and 
away from Dyer. On Dyer it is trivial since ipij is constant there. Away from Dyer 
it follows from Lemma 18.5.31 and Lemma I8.5.4| applying the g-criterion Lemma 

EEH 

Let us note that v-continuity for the basic homotopy on P^, applied fiberwise 
on P^ X Uq, is clear and that, by Lemma [9.1.6[ tpo is also v-continuous over Uq, i.e. 
on Eq. There remains to show v-continuity on Dq. Let F2, rio, res be as in the 
v-continuity criterion Lemma [8.7.11 Let a G E{F2) with res(a) G Dq. \f a ^ Eq 
then ipD fixes a, so assume a G Eq{F2). As noted above, schematic distance from 
Dq does not grow as ipD{t, ) is applied. Hence rio maps this distance to 00, so 
'"lo ° i^Dit,^) remains on Dq for all t. But by assumption Dq is finite on every 
fiber; hence a (continuous) path on the fiber at res(a) remaining on Dq, must be 
constant. So rio ° i^Dit,a) = res(a) = '?/'£)(t, res(a)). □ 



NON-ARCHIMEDEAN TAME TOPOLOGY AND STABLY DOMINATED TYPES 93 



Lemma 9.2.2. (1) Let f : W ^ U be a generically finite morphism of va- 
rieties over a valued field F, with U a normal variety, and ^ : — >■ V^o 
an F-definable map. Then there exists a divisor on U and F-definable 
maps ^i,...,^n '■ U — )■ Too such that any homotopy of W lifting a ho- 
motopy of U fixing and the levels of the functions also preserves 

(2) Let ^ : X f/ — )■ Too be a definable map, with U an algebraic variety over 
a valued field. Then there exists a divisor on U such that if (1 D 
then the standard homotopy with stopping time defined by D preserves ^. 

Proof. (1) There exists a divisor Dq of U such that / is finite above the com- 
plement of Dq, and such that U \ Dq is affine. By making Dq a component of 
D^, we reduce to the case that U is affine, and / is finite. So W is also affine, 
and ^ factorizes through functions of the form val(gi), with g regular; hence ^ 
can be assumed v— g-continuous, so that it induces a continuous function on U. 
Let ii{u), i = 1, . . . ,n, list the values of ^ on f~^{u). Let /i be a homotopy of 
W lifting a homotopy of U fixing and the levels of the ^j. Then for fixed 
w e ^{h{t,w)) can only take finitely many values as t varies. On the other 
hand t i— )■ ^{h(t,w)) is continuous, so it must be constant. 

(2) As in (1) we may assume U is affine, and that ^|A^ x U has the form 
^(■u) = valgf, g regular on x U. Here we take = U {oo}; by adding 
{oo} X U to we can ensure that ^ is preserved there, and so it suffices to 
preserve ^|A^ x U. Write g = g{x,u), so for fixed u E U wc have a polynomial 
g{x,u); let include the divisor of zeroes of g. Now it suffices to see for each 
fiber P^ X {u} separately, that the standard homotopy fixing a divisor containing 
the roots of g must preserve valg-. This is clear since this standard homotopy fixes 
any ball containing a root of g; while on a ball containing no root of g, valg is 
constant. □ 

9.3. The inflation homotopy. 

Lemma 9.3.1. Let V be a quasiprojective variety over a valued field F, W be 
closed and bounded F -pro- definable subset of V . Let D and D' be closed subva- 
rieties ofV, and suppose W (1 D' ^ D . Then there exists a v-hg-closed, bounded 
F-definable subset Z ofV with ZnD' C D, andW C Z. 

Proof. We assume V is affine. (We may take V = P"; then find finitely many 
affine open Vi <Z V and closed bounded Bi C Vi such that V = UiVf, given Zi 
solving the problem for VJ, let Z — \Ji{Bi f] Z^) .) 

Choose a finite generating family (/j) of the ideal of regular functions vanishing 
on D and set d{x, D) inf val(/j(a;)) for x in V . Similarly, fixing a finite generating 
family of the ideal of regular functions vanishing on D' , one defines a distance 
function d{x, D') to D' . Note that the functions d{x, D) and d{x, D') may be 
extended to x & V. 
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For a G r, let Va be the set of points x ofV with d{x, D) < a. Let Wa = WdVa- 
Then W^nD' = 0. So d{x,D') e T for x G W^. By Lemma |12]25] there exists 
S{a) G r such that d{x,D') < 6{a) for x G Wa- By Lemma [9. L 71 we may take 6 
to be a continuous function. (In all uses of Lemma I9.L7I within this proof, local 
boundedness is easily verified.) Since any continuous definable function F — )■ F 
extends to a continuous function Fqo — Foo, we may extend 5 to a continuous 
function 6 : Too — )■ Fqo- Also, since any such function is bounded by a continuous 
function with value oo at oo we may assume 6{oo) = oo. Let 

Zi = {xeV : d{x,D') < 6{d{x,D))}. 

Let c be a realization of p G W. We have c G 2'i and Zi Cl D' C D. Since, 
by Lemma I4.2.9[ W is contained in Z2 with Z2 a bounded v+g-closed definable 
subset of V, we may set Z = Zi fl Z2. □ 

Lemma 9.3.2. Let D be a closed suhvariety of a projective variety V over a 
valued field F , and assume there exists an etale map e : V \ D U, U an open 
subset o/A". Then there exists a F -definable homotopy H : [0,oo] x V ^ V 
fixing D (that is, such that H{t,d) = d for t G [0, 00] and d & D), with image 
Z = i7(0, V^), such that for any subvariety D' of V of dimension < dim(\^) we 
have Zn D' C D. Moreover given a finite number of F- definable v-continuous 
functions C,i '■ V \ D ^ T, one can choose the homotopy such that the levels of 
the are preserved. If a finite group G acts on V over U, inducing a continuous 
action on V and leaving D and the fibers of e invariant, then H is G-equivariant. 

Proof. Let / = [0, 00] and let Hq : I x A'^ — )■ A" be the standard homotopy sending 
{t, x) to the generic type of the closed polydisc of polyradius (t, ■ ■ ■ , t) around x. 
Denote by i^o : x ~^ its canonical extension (cf. Lemma [3.7.2p . Note 
the following fundamental inflation property of Hq: if W is closed subvariety of 
A" of dimension < n, then, for any {t, x) in I x A", if t 7^ 00, then -^0(^5 ^ W. 

By Lemma 17.4. 1^ Lemma 17.4.51 or Lemma I7.4.4[ for each u & U there exists 
7o(m) G F such that /io(^, u) lifts uniquely toV^D beginning with any v G e~^{u), 
up to 7o(w)- By Lemma [5. 1.71 we can take 70 to be v+g-continuous. For t > 7o(w), 
let hi{t,v) be the unique continuous lift. 

Since is v-continuous outside D, ^^^^i{v) contains a v-neighborhood of v. So 
for some 7i(u) > 7o(m), for all t > 71 (m) we have C,i{hi(t,v)) = ^i{v). Again we 
may use Lemma I9.L7I to replace 71 by a v+g-continuous function. 

At this point we can cut off to /io[7i]; this is continuous by Lemma [9.1.6t and 
by Lemma [HUTTl /ii[7i o e] is continuous on V \ D. However we would like to fix 
D and have continuity on D. 

Let m be a metric on V, as provided by Lemma 13.8. 1[ Given v & V let 
p{v) = snp{m{d,v) : d G D}. By Lemma [4.2.251 we have p : \ D — > F. Let 
72 : A" — )• F, 72 > 7i, such that for t > 72(m) we have d{hi(t,v)),v) > p{y) for 
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each V with e{v) = u. (So p{hi(t,v)) = piy).) By Lemma 19 .1.71 we can take 72 to 
be v+g-continuous. 

Let H the canonical extension of /^i [72 o e] to \ D x / provided by Lemma 
13.7.21 We extend to V" x / by setting H{t, x) = x for x E D. We want to show 
that H is continuous on V . Since we aheady know it is continuous at each point 
of the open set (l^ \ Z)) x /, it is enough to prove H is continuous at each point 
of D X J. _ 

Let d E D, t E I. Then H{t, d) = d. Let G be an open neighborhood of d. G 
may be taken to have the form: {x E Go '■ valr(a;) E J}, with J open in Too, and 
r a regular function on a Zariski open neighborhood Gq oi d. So G = G where 
G is a v+g-open subset of V. 

We have to find an open neighborhood W of (t, d) such that H{W) C G. We 
may take W ^ G x T^, so we have H{W fl C G. Since the simple points of 
W \ D are dense in W \ D, it suffices to show that for some neighborhood W, 
the simple points are mapped to G. 

View d as a type (defined over Mq); if z \= d\MQ, then for some e G F, 
H(B{z]m,€)) C G. Fix e, independently of z. Let Wq = {v E V : B{v]m,e) C 
G. Then Wq is v+g-open. Indeed the complement is {v E V : {3y)m{x, y) < 
£ A y E {V \ G)}. Now the projection of a (bounded) v+g-closed set is also 
v+g-closed. 

If there is no neighborhood W as desired, there exist simple points Vi E V \D, 
Vi ^ d, ti ^ t with H{ti,Vi) ^ G. Now p(fi) — )■ p{d) = m{d,D) = 00, so 
H{ti,Vi) = /ii(72(e(f j))), and by the above m{H(ti,Vi),Vi) -+ 00. So for large 

i we have H{ti,Vi) E B{vi;m,e), and also Vi E Wq. So B{vi,m,e) C G, hence 
H{ti, f j) G G = G, a contradiction. This shows that H is continuous. 

It remains to prove that if Z = H{0,V), then, for any subvariety D' of V 
of dimension < dim(y), we have Z (1 D' (1 D. This follows from the infiation 
property of Hq stated at the beginning, applied to e{D' (1 {V \ D)). 

The statement on the group action follows from the uniqueness of the contin- 
uous lift. □ 

Remark 9.3.3. Lemma [9.3.21 remains true if one supposes only that D contains 
the singular points of V. Indeed, one can find divisors Di with D = CliDi, and 
etale morphisms hi : Di — )■ A", and iterate the lemma to obtain successively 
Z (1 D' O Di n . . . n Di. In particular, when V is smooth. Lemma [9.3.21 is valid 
for = 0. 

9.4. Connectedness, and the Zariski topology. Let V be an algebraic vari- 
ety over some valued field. We say a strict pro-definable subset Z of V is definably 
connected if it contains no clopen strict pro-definable subsets other than and 
Z. We say that Z is definably path connected if for any two points a and b of 
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Z there exists a definable path in Z connecting a and h. Clearly definable path 
connectedness implies definable connectedness. When V is quasi-projective and 
Z = X with X a definable subset of V ^ the reverse implication will eventually 
follow from Theorem 110. 1.11 

If X a definable subset of V ^ X is definably connected if and only if X contains 
no v+g-clopen definable subsets, other than X and 0. Indeed, if [/ is a clopen 
strict pro-definable subset of X, the set f/ fl X of simple points of f/ is a v+g- 
clopen definable subset of X, and \J is the closure of f/flX. When X is a definable 
subset of V ^ we shall say X has a finite number of connected components if X 
may be written as a finite disjoint union of v+g-clopen definable subsets Ui with 
each IJi definably connected. The IJi are called connected components of X. 

Lemma 9.4.1. Let V he a smooth algebraic variety over a valued field and let 
Z be a nowhere dense Zariski closed subset of V . Then V has a finite number 
of connected components if and only if V \ Z has a finite number of connected 
components. Furthermore, ifV is a finite disjoint union of connected components 
Ui then the Ui ^ Z are the connected components ofV\Z. 

Proof. By Remark I9.3.3[ there exists a homotopy H : I x V V such that 
its final image S is contained in V \ Z. Also, by construction of H, the simple 
points of V \ Z move within V \ Z, and so H leaves V \ Z invariant. Thus, we 
have a continuous morphism of strict pro-definable spaces g : V —> T,. If is 
a finite disjoint union of v+g-clopen definable subsets U with each U definably 
connected, note that each U is invariant by the homotopy H. Thus, g{Ui) = Sflt/j 
is definably connected. Since E fl ?7j = E fl {Ui \ Z) and any simple point 
of [/j \ Z is connected via H within U ^ Z to T, H Ui it follows that \ Z is 
definably connected. For the reverse implication, assume V \Z is a finite disjoint 
union of v+g-clopen definable subsets Vi with each Vi definably connected. Then 
g{Vi) = nVi is definably connected. Let Ui denote the set of simple points in 
n Vi). Then U is definably connected. □ 

Proposition 9.4.2. Let V be a quasi-projective variety over a valued field which 
is connected for the Zariski topology. Then V is definably connected. 

Proof. We may assume V is irreducible. It follows from Bertini's Theorem, cf. 
|22] p. 56, that any two points of V are contained in a irreducible curve C on 
X. So the lemma reduces to the case of irreducible curves, and by normalization, 
to the case of smooth irreducible curves C. The case of genus is clear using 
the standard homotopies of P^. So assume C has genus g > 0. By Proposition 
17.6.11 there is a retraction g : C ^ T with T a F-internal subset. It follows from 
Proposition 16.3.81 that T is a finite disjoint union of connected F-internal subsets 
Tj. Denote by Ci the set of simple points in C mapping to Tj. Each Ci is a v+g- 
clopen definable subset of C and Ci is definably connected, thus C has a finite 
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number of connected components. Assume this number is > 1. Then /SYm(g) 
has also a finite number > 1 of connected components, since may be written 

has a disjoint union of the definably connected sets Ci^ x ■ ■ ■ x d^. 

Let J be the Jacobian variety of C. There exist proper subvarieties W of 
and V of J, with W invariant under Sym(5f), and a biregular isomorphism of 

varieties (C^ \ W)/SYm{g) ^ J \V. By Lemma EXD (C'? \ W)/SYm{g) has a 
finite number > 1 of connected components, hence also J ^V. By Lemma 19.4.11 
again, J would have a finite number > 1 of connected components. The group 
of simple points of J acts by translation on J, homeomorphically, and so acts 
also on the set of connected components. Since it is a divisible group, the action 
must be trivial. On the other hand, it is transitive on simple points, which are 
dense, hence on connected components. This leads to a contradiction, hence C 
is connected, which finishes the proof. □ 

It will be convenient to use the following terminology. Let Y C be a 
definable set. By a z-closed subset of Y we mean one of the form Y (1 [xi = oo], 
an intersection of such sets, or a finite union of such intersections. By a z- 
irreducible set we mean a z-closed subset which cannot be written as the union 
of two proper z-closed subsets. Any z-closed set can be written as a union of 
z-closed z-irreducible sets; these will be called components. A z-open set is the 
complement of a z-closed set Z. A z-open set is dense if its complement does not 
contain any component of Y. 

Lemma 9.4.3. Let V be an algebraic variety over a valued field F and let f : 

V — )■ Too be a v+g- continuous F- definable function. Then /~^(oo) is a subvariety 
ofV. 

Proof. Since f~^{oo) is v-closed, it suffices to show that it is constructible. By 
Noetherian induction we may assume /~^(oo) fl is a subvariety of W, for 
any proper subvariety W of V. so it suffices to show that f^^{oo) fl V is an 
algebraic variety, for some Zariski open V C V. In particular we may assume 

V is affine, smooth and irreducible. Since any definable set is v-open away from 
some proper subvariety, we may also assume that /~^(oo) is v-open. On the other 
hand /~^(oo) is v-closed. The point oo is an isolated point in the g-topology, so 

/^^(oo) is g-closed and g-open. By Lemma 13.6.41 it follows that /~^(oo) is a 
clopen subset of V. Since V is definably connected by Proposition I9.4.2[ one 
deduces that /^^(oo) = V ot /~^(oo) = 0, proving the lemma. □ 

Let y be a definable subset of T^. Define a Zariski closed subset of Y to 
be a clopen definable subset of a z-closed subset of Y. By o-minimality, there 
are finitely many such clopen subsets, the unions of the definably connected 
components. A definable set X thus has only finitely many Zariski closed subsets; 
if X is connected and z-irreducible, there is a maximal proper one. 
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This has nothing to do with the topology on F" generated by translates of 
subspaces defined by Q-linear equations, for which the name Zariski would also 
be natural. We will use this latter topology little, and will refer to it as the linear 
Zariski topology on F", when required. 

Lemma 19.4.31 can be strengthened as follows: 

Lemma 9.4.4. Let V be an algebraic variety over a valued field F and let f : 
V —> Y G FJ^ be a v+g- continuous F -definable function. Then f~^{U) is Zariski 
open (closed) in V , whenever U is Zariski open (closed) in Y . 

Proof. It suffices to prove this with "closed". So t/ is a clopen subset of f/', with U' 
z-closed. By Lemma |9X3l f'^iJJ') is Zariski closed; write f'^{U') = Vi\J...\JVm 
with Vi Zariski irreducbile. It suffices to prove the lemma for f\Vi, for each i; so 
we may assume = is Zariski irreducible. By Lemma [9.4.21 f~^{U) = V. □ 

Here is a converse: 

Lemma 9.4.5. Let X C FJ^ and let P : X ^ V be a continuous, pro-definable 
map. Let W be a Zariski closed subset of V . Then P~^{W) is Zariski closed in 
X. 

Proof. Let Fi, . . . ,F£ be the nonempty, proper Zariski closed subsets of X. Re- 
moving from X any Fi with Fi C P~^[W), we may assume no such Fi exist. 
By working separately in each component, we may assume X is connected, and 
in fact z- irreducible. Moreover by induction on z-dimension, we can assume the 
lemma holds for proper z-closed subsets of X. 

Claim. (3~\W) n = for each i. 

Proof of the Claim. Otherwise, let P be a minimal Fi with nonempty intersection 
with P~^{W). (More precisely, let Q be the z-closure of P; then Q ^ X. As 
Zariski-closed in Q implies Zariski-closed in X, Q (1 P~^{W) = 0. Thanks to 
Z. Chatzidakis for this comment.) Then, by induction, P~^{W) fl P is Zariski 
closed in P. Any proper z-closed subset of P meets P~^{W) trivially; it follows 
that P~^{W) n P is a component of P itself; as P is connected, P~^{W) = or 
j3~^{W) = P; in the latter case, P is contained in P~^{W) and should have been 
removed from X. Thus f3-^{W) n Pj = 0. □ 

Say /3~^{W) C F™ x {oo}^ with m + £ = n and m maximal, even allowing for 
rearrangements of the coordinates. Then /3~^(iy)n(xi = oo) = for i = 1, . . . ,m, 
i.e. P~^{W) C F*" X {oo^}. Projecting homeomorphically to F™", we may assume 
m = n and X C F". However, W is g-clopen, so P~^{W) is g-clopen, i.e. clopen. 
This implies that it is after all Zariski closed in X. □ 

Corollary 9.4.6. Let T be an iso-definable subset ofV,X a definable subset of 
F^, and let a : T ^ X be a pro-definable homeomorphism. Then a takes the 
Zariski topology on T to the Zariski topology on X . 
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Proof. Follows from Lemma 19.4.41 and Lemma 19.4.51 □ 

10. The MAIN THEOREM 

10. L Statement. 

Theorem 10.1.1. Let V be a quasi-projective variety, X a definable subset of 
V X over some base set A C VF U F. Then there exists an A-definable 
deformation retraction h : I x X ^ X to a pro-definable subset T definably 
homeomorphic to a definable subset of F^, for some finite A-definable set w. 
One can furthermore require the following additional properties for h: 

(1) Given finitely many A-definable functions : V —> Too, one can choose 
h to respect the ^i, i.e. C,i{h{t,x)) = ^j(x) for all t. In particular, finitely 
many subvarieties or more generally definable subsets U of X can be pre- 
served, in the sense that the homotopy restricts to one ofU. 

(2) Assume given, in addition, a finite algebraic group action on V preserving 
X . Then the homotopy retraction can be chosen to be equivariant. 

(3) When X = V and i = 0, one may require that T is Zariski dense in Vi in 
the sense of \3.9i for every irreducible component of maximal dimension 
V, ofV. 

(4) The homotopy h satisfies condition {*) of \5.3[ i.e.: h{ei,h{t,x)) = h{ei,x) 
for every t and x. 

(5) Any element ofT, viewed as a stably dominated type, has equal transcen- 
dence degree and residual transcendence degree. 

Remarks 10.1.2. (1) Without parameters, one cannot expect Z to be defin- 
ably homeomorphic to a subset of FJ^, since the Galois group may have 
a nontrivial action on the cohomology of V, even on the Berkovich part. 
(See the earlier observation regarding quotients.) 

(2) Let 7[ : V ^ V he a. finite morphism, and ^' : V ^ F^. Then, when 
X = V one can find h as in the Theorem lifting to h' : I x V ^ V 
respecting To see this, let V" — )■ V be such that V" — )■ V admits a 
finite group action H, and V is the quotient variety of some subgroup. 
Find an equivariant homotopy of V", then induce homotopies on V and 
on V. See Lemma TS.S.SI for the continuity of the induced homotopies, and 
Lemma 12.2.51 for the isodefinability of their image. 

(3) By Lemma [6.3.121 (and Remark I6.3.10p . in (3) we can also take a proper 
F-internal covering in place of a finite one. 

(4) It is also possible to preserve an A-definable map ^ : V — )■ F^. There 
exist definable sets Ui such that C,\Ui is continuous, and such that ^{u) is 
a function from w onto some mj-element set. Moreover there exists a map 
^' : V ^ FJ^ (where m = \w\) such that for v G Ui, ^'(f ) is an mj-tuple in 
non- decreasing order, enumerating the underlying set of the w-tuple ^(f). 
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We can ask that H preserve the Ui and Then along each path of H , ^ 
is preserved up to a permutation of w, hence by continuity it is preserved. 
(5) Item (5) means the following: let M be a valued field containing A fl VF, 
with AnT G val(M). Let p G T(M) and view p as a stably dominated 
type. Let c |= p\M and let M' = M(c). Let m be the residue field of M, 
and m' of M'. Then tr.deg^(m') = ti.deg. m{M') < dim(V^). We cannot 
ensure that the transcendence degrees equal dim(V^) because of possible 
singularities of V; see Theorem 111. 1.11 (4). 

10.2. Proof of Theorem 110.1.1} Preparation. The theorem reduces easily to 
the case i = (for instance, take the projection of X to V, and add describing 
the fibers, as in the first paragraph of Lemma [6.3.12p . We assume i = from 
now on. 

We may assume is a projective varietjj^. By adding the valuation of the 
characteristic function of X to the functions ^j, we can assume that any homo- 
topy respecting the functions must leave X invariant. After replacing V by 
an equidimensional projective variety of the same dimension containing V and 
adding the valuation of the characteristic function of the lower dimensional com- 
ponents of V to the functions C,, one may also assume V is equidimensional. 

Hence, we may assume X = V is projective and equidimensional and we need to 
find a deformation retraction preserving certain functions C,i, and a finite algebraic 
group action H. 

At this point we note that we can take the base A to be a field. Let F = VF(y4) 
be the field part. Then V and H are defined over F. Write = with 7 from 
r. Let ^'(x) be the function: 7 1— )■ ^■y{x). Clearly if the fibers of ^' is preserved 
then so is each By stable embeddedness of F, ^' can be coded by a function 
into F'^ for some k. And this function is F-definable. Thus all the data can be 
taken to be defined over F, and the theorem over F will imply the general case. 

We may assume F is perfect (and Henselian), since this does not change the 
notion of definability over F. 

We use induction on n = dim(l^). For n = 0, take the identity deformation 
h(t, x) = X, w = V, and map a E w to (0, . . . , 0, cxd, 0, . . . , 0) with 00 in the a'th 
place. 

We start with a hypersurface Dq of V containing the singular locus V^ing, and 
such that there exists an etale morphism V \ Dq ^ A"^ , factoring through V^/ii/ll. 



This uses in particular the existence of an equi variant projective completion for a finite 
group action on an algebraic variety. In fact if a finite group H acts on an algebraic variety V 
with projective completion V, one can embed V diagonally in H x V where H acts on the left 
coordinate, and take the Zariski closure of the image in if x 

■^Such a Dq exists using generic smoothness, after choosing a separating transcendence basis 
at the generic point ofV/H. 



NON-ARCHIMEDEAN TAME TOPOLOGY AND STABLY DOMINATED TYPES 101 



Note that the factor through v+g-continuous functions into T^. (If f,g 
are homogeneous polynomials of the same degree, then val{f/g) is a function of 
max(0,val(/) — val{g)) and max(0, val((y') — val(/)). The characteristic function 
of a set defined by val/j > val/,- is the composition of the characteristic function 
of Xi > Xj on r^, with the function (val/i, . . . , val/m)-) Hence we may take 
the to be continuous. By enlarging Dq, we may assume Dq contains ^,~^(oo) 
(Lemma I9.4.3p . Moreover, we can demand that Dq is //-invariant, and that the 
set {^i : i G /} is if-invariant, by increasing both if necessary. Note that there 
exists a continuous function m = (mi, . . . , m„) : — )■ whose fibers are the 
orbits of the symmetric group acting on /, namely m((xj)jg7) = (?/i, . . . , if 
{yi, . . . ,yn) is a non-decreasing enumeration of {xi : i & I), with appropriate 
multiplicities. Then (m o : i g /) is //-invariant. It is clear that a homotopy 
preserving m o ^ also preserves each ^i. Thus we may assume that each is 
//-invariant . 

Let E be the blowing-up of P" at one point. Then E admits a morphism 
71 : E ^ P"~-^, whose fibers are P^. We now show one may assume V admits a 
finite morphism to E, with composed morphism to P"~^ finite on Dq. 

Lemma 10.2.1. Let V be a projective variety of dimension n. Then V admits 
a finite morphism tt to P" and there is a finite closed subset ZofV such that if 
V : Vi —> V denote the blow-up at Z , there exists a finite morphism m : Vi E 
making the diagram 



E ^P" 

commutative. Moreover, if a divisor Dq on V is given in advance, we may arrange 
that TT o V is finite on v^^{Dq). If a finite group H acts on V , we may take all 
these to be H -invariant. 

Proof. Let m be minimal such that V admits a finite morphism to P'". If m > ra, 
choose a P"*"^ inside P™, and a point neither on the p™-"! nor on the image of 
V] and project the image of V to the P"^"^ through this point. Hence m = n, i.e. 
there exists a finite morphism — )■ P". 

Given a divisor DqohV, choose a point z of P" not on the image of this divisor. 
The projection through this point to a P"~i contained in P"-, and not containing 
z determines a morphism E — P"~^. If Vi is the blow-up of V at the pre- image 
Z of z, we find a morphism Vi — > E; composing with E — )■ P"-~^ we obtain the 
required morphism. To arrange for //-invariance, apply the lemma to V/ H. □ 

Hence we may find an //-equivariant birational morphism v : Vi ^ V, whose 
exceptional locus lies above a finite subset of V, such that Vi admits a finite 
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morphism to E, and moreover the composed morphism to P"^i is finite over the 
full pullback of Dq. 

Since only finitely many points of V are blown up, their pre-images are finitely 
many subvarieties of Vi. Thus, by Lemma [5. 3. 3[ any deformation retraction of Vi 
leaving these invariant descends to a deformation retraction on V. Pulling back 
the data of Theorem 1 1 . 1 . 1 1 to Vi, and adding the above invariance requirement, 
we see that it suffices to prove the theorem for Vi. Hence we may assume that 
V = Vi, i.e. V admits a finite morphism to E, with composed morphism to P"^i 
finite on Dq. 

10.3. Construction of a relative homotopy Hcurves- We fix a non empty 
open affine Uq subset of U = P"~i over which the restriction Eq of E may be 
identified with Uq x F^. We also fix three points 0, 1, oo in P^. We are now in 
the setting of §9.21 with U = P"~^. Recall that -D^er denotes the vertical part of 
a divisor D. For any divisor D on E such that -D^er contains [/ \ t/o we consider 
ipD : [0, oo] X E ^ E/U as in TOl 

Lemma 10.3.1. Let F be an A-iso-definable subset of Eq/Uq such that F ^ Uq 
has finite fibers. There exists a divisor D' on Eq, generically finite over Uq, such 
that for every u in Uq, for every x in F over u, the intersection of D' with the 
ball in P^ corresponding to x is non empty. 

Proof. Recall we are working over a field-base A. By splitting F into two parts 
(then taking the union of the divisors D' corresponding to each part), we may 
assume F C x [/q where is the unit ball. Let a be a point in [/q; so C 0. 

We claim that there exists a finite yl(a)-definable subset D'^ of such that for 
every x in Fa, the intersection of D'^ with the ball in corresponding to x is non 
empty. If Fa contains some simple points, let be the union of these simple 
points. If it does not, and A{a) is trivially valued, any A-definable closed sub-ball 
of must have valuative radius 0, i.e. must equal 0. In this case one may set 
D'^ = {0}. Otherwise, A is a nontrivially valued field, and so acl(A(a)) is a model 
of ACVF. Hence, if we denote by Fa the finite set of closed balls corresponding 
to the points in Fa, for every b in Fa, b fl acl(A(a)) ^ 0, thus there exists a finite 
y4(a)-definable set such that D'^ fl 6 7^ for every b in Fa- 

By compactness we get a constructible set D" finite over Uo with the required 
property. Taking the Zariski closure of D" we get a Zariski closed set D' generi- 
cally finite over Uq with the required property. □ 

Lemma 10.3.2. There exists a divisor D' on E such that, for any divisor D 
containing D' and such that D^^r contains U \ Uq, ip£, lifts to an A-definable map 
h:[0,oo]xV^ Vju. 
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Proof. We proceed as in the proof of Proposition 17.6.11 Note that V ^ U is a 
relative curve so that V/U is iso-definable over A by Lemma 17.1.31 For every u in 
U write fu'-Vu^ for the restriction oiV ^ E over u. There is an iso-definable 

over A subset Fq of Vq/Uq containing, for every point u in Uq, all singular points 
of Cu, all ramification points of /„ and all forward-branching points of /„, and 
such that the fibers Fq — )■ Uo are all finite. Such an Fo exists by Lemma 17.5.41 
(uniform finiteness of the set of forward-branching points). Let F be the image 
of Fq in Eq. Then D' provided by Lemma [1 . 3 . 1 1 does the job. □ 

Let D be a divisor on E as in Lemma 110. 3. 2[ and such that D contains the 
image of Dq in E. Then ipo lifts to an A-definable map hcurves '■ [0,oo]xV V/U. 
By Lemma I9.2.2[ after enlarging D, one can arrange that hcurves preserves the 
functions ^j. Note that if-invariance follows from uniqueness of the lift. Denote 
by D^ert the preimage of D^^r in V- By Lemma 19.1.11 and Lemma 19.2. 1^ hcurves 
is g-continuous on [0, oo] x V and v-continuous at each point of [0, oo] x (l^ \ 
Duert) U Dq. By Lemma [3.7.31 the restriction of hcurves to [0, oo] x \ F>ucrt) U 
Dq extends to a deformation retraction Hcurves '■ [0, oo] x (l^ \ D^crt) U -Dq ~^ 
(y \ Duert) U -Do- Since Dq is finite over f/, the image T curves = hcurves{0, (V \ 
Dvert) U Do) is iso-definable over A in V/U and relatively F-internal. Thus, 
as above Lemma I6.3.9[ we can identify T curves with its image in V. It follows 
that the image Hcurves{0, {V \ Duert) U -Do) is equal to T curves- By construction 
Hcurvesi^i^) = X for every x and Hcurves satisfies (*). 

Let Xu '. U ^ Too be a v+g-continuous A-definable function measuring the 
valuative schematic distance to the image D of Dyer in U, so that x~^(oo) = D; 
we still denote by Xy its puUback to V and the corresponding extension to V. 
Let Xh '. V ^ Too be a similar distance function to -Do. We also denote by 
Xh its extension to V. Let us check that Tcurves is a-compact with respect to 
{xh,Xy). Indeed, on Tcurves the infinite locus of Xy is contained in that of Xh, and 
T curves is compact at Xf^'^{oo) since {x E V : Xh{x) = oo} is contained in Tcurves- 
Furthermore, {x G Tcurves '- Xy{x) < 7} for 7 G F is definably compact. Indeed, 
for any definable subset U' of U such that U' is definably compact and on which 
Xy is finite, denoting by V the preimage of U' in V, Tcurves H V is definably 
compact, being the image by a continuous definable map of a definably compact 
set. 



10.4. The base homotopy. By Lemma r6.3.12l there exists a finite pseudo-Galois 
covering U' of U and a finite number of A-definable functions ^- : U' — )■ Foo 
such that, for / a generalized interval, any A-definable deformation retraction 
h : I X U U lifting to a deformation retraction h' : I x U' ^ U' respecting 
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the functions also lifts to an A-definable deformation retraction / x 

'^curves respecting the restrictions of the functions on T curves and the if-action. 

Now by the induction hypothesis applied to U' and Gal(f/'/f/), such a pair 
[h, h') does exist; we can also take it to preserve the distance from D^ert- Set 
hbase = h. Hence, hi,ase lifts to a deformation retraction 

^base ' ^ ^ '^curves ^ curves i 

respecting the restrictions of the functions and H , using the "moreover" in 
Lemma 16.3.121 Recall the notion of Zariski density in U , 13.91 By induction hi,ase 
has a F-internal A-iso-definable final image T^ase and we may assume T^ase is 
Zariski dense in U . By Lemma 16.3.121 has a F-internal A-iso-definable final 
image, and by induction we may assume H:^^ satisfies (*). 

By composing the homotopies H^urves and one gets an A-definable defor- 

mation retraction 



= H~ O Hcurves : /' X (V" \ D^ert) U — ^V, 

where /' denotes the generalized interval obtained by gluing / and [0, cxd]. The 

image is contained in the image of H^^, but contains H—J^ej x T curves /U), the 
image over the simple points of U. As these sets are equal, the image is equal 
to both, and is iso-definable and F-internal; we denote it The. In general Tf,c is 
not definably compact, but it is a-compact via {xh,x^), since fixes x^j and 

^curves is o"-compact with respect to the same functions. 
Lemma 10.4.1. The subset The is Zariski dense in V . 

Proof. Let Vi denote the irreducible components ofV, n : V/U — ?■ U and n : V ^ 
U denote the projections. By construction Hcurves respects the Vi and there exists 
an open dense subset f/i C f/ such that, for every x G t/i, 7r~^{x) (1 T curves H Vi 
is Zariski dense for every i. Thus, by the construction in the proof of Lemma 
16.3. 12[ for every x G Ui, 7r^^{x) fl Tcurves H Vi is Zariski dense for every i. Pick 
X G Tbase which is Zariski dense in U, then Tf~^{x) fl T^c is Zariski dense in V. □ 

10.5. The homotopy in F^. By Corollary I6.3.7[ there exists an A-definable, 
continuous, injective map a : T^c — > F^, with image W C [0, oo]'", where w 
is a finite A-definable set. We also have continuous A-definable maps v and 
h : W ^ Foo, such that y_o a measures distance to -D^er, and ho a measures 
distance to Dq (these functions, defined on V and hence on T^c, niay be taken to 
factor through F^). 

For a G F^, and i G w,we write Xi{a) for the i'th coordinate aj. By adding two 
points h,v to w (fixed by the group actions), we can assume that v = Xy,h = Xh 
for some h,v E w. We write [x, = Xj] for {a G [0, oo]"' : Xj(a) = Xj{a)}, and 
similarly [xi = 0], etc. 
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Since T^c is cx-compact via {xh,Xy), W is cr-compact with respect to {h,v). In 
particular, \ [2; = oo] is cr-compact via v, and hence closed in \ = 00] ; 
soWnV" is closed in T"^. 

We let H act on W, so that a : T^c — )■ is equivariant. By re-embedding W 
in r^^-^, via w ^ : a & H), we may assume H acts on the coordinate set 

w, and the induced action of H on extends the action of if on VF. 

Entirely within F^, we show the existence of deformations from a a-compact 
such as (H^ \ = 00]) U = 00] to a definably compact set. We begin with 

We still denote by the functions on W that are the composition of the 
restriction of to T^c with a"^. 

Lemma 10.5.1. Let 

w' ^{wnr'")u[h^oo]. 

There exists an A-definable deformation retraction Hr : [0, oo] x W — > W whose 
image is a definably compact subset Wq of W and such that Hr leaves the 
invariant, fixes [h — oo], and is H -equivariant. 

In this lemma, we take to be the initial point, cxo the final point. On F^, 
we view oo as the unique simple point. In this sense the flow is still "away from 
the simple points", as for the other homotopies. Moreover, starting at any given 
point, the flow will terminate at a finite time. The homotopy we obtain will in 
fact be a semigroup action, i.e. Hy{s, HY{t,x)) = Hy{s + t,x), in particular it 
will satisfy (*) (in the form: Hr{oo, HT{t,x)) — Ht{oo,x)). 

Proof. Find an A-definable cellular decomposition 2) of F'", compatible with Wr\ 
and with [xa = 0] and [x^ = Xi] where a,b & w, and such that each C,i is linear 
on each cell of D. We also assume D is invariant under both the Galois action 
and the if-action on w. This can be achieved as follows. Begin with a finite set 
of pairs {aj, cj) e Q"' x F"', such that each of the subsets of F"' referred to above 
is defined by inequalities of the form ajv — cj Qj 0, where 0^ is < or > or =. Take 
the closure of this set under the Galois action and the i7-action. A cell of 2) is 
any nonempty set defined by conditions ajv — Cj Qj 0, where Qj is any function 
from the set of indices to {<,>,=}. Such a cell is an open convex subset of the 
affine hyperplane that it spans. 

Any bijection 5 : w — )■ {1, . . . , |-U7|} yields a bijection 6* : F"" — )■ F'""!; the 
image of Cj under these various bijections depends on the choice of b only up 
to reordering. Thus b^{cj) gives a well-defined subset of F, which belongs to 
T{A). Let A be the convex subgroup of F = F(I[J) generated by T{A), and let 
B = F(U)/A. For each ceU C of V, let f3C be the image of C in B"". Note that 
(3C may have smaller dimension than C; notably, (3C = (0) iff C is bounded. At 
all events f3C is a cell defined by homogeneous linear equalities and inequalities. 
When r{A) ^ (0), /3C is always a closed cell, i.e. defined by weak inequahties. 
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For any C G D, let Coo be the closure of C in F^. Let Do be the set of cells 
C e D such that C^o \ F*" C [/i = oo]. Equivalently, C e Dq if and only if for 
each i E w, an inequality of the form Xi < mh + c holds on C, for some m G N 
and c G F. Other equivalent conditions are that Xi < mh on /3C for some i, or 
that there exists no e G C with h{e) = but Xj(e) 7^ 0. Let 

Wo = UceDoCU [/i= 00]. 

It is clear that Wq is a definably compact subset of F^, contained in W — 
F^U [/i = 00]. 

More generally, define a quasi-ordering <c on w by: i <c j if for some m G N, 
Xi{c) < mxj{c) for all c G ^C. Since the decomposition respects the hyperplanes 

Xi = Xj, we have i <c j or j <c i or both. Thus <c is a linear quasi-order. 
Let f3'C = f3Cn[h = 0]. We have f3'C = iff /i is <c7-maximal iff C G Do- If 
C G Do, let ec = 0. Otherwise, (3'C is a nonzero rational linear cone, in the 
positive quadrant. Let ec be the barycenter of /3'C n [X^x, = 1]. The choice is 
thus H and Galois invariant. 

For t G F, we have tec '■= ^ct G F'". If 7^ then Fee is unbounded in F*", 
so for any x E V there exists t G F such that x — tCc ^ C. Let t{x) be the unique 
smallest such t. 

We will now define Hy on each cell C G D separately. For cells C G Dq, let 

Hr{t,x) = a; be the constant homotopy. 

Define Hr : [0, 00] x C — )■ F"' (separately on each cell C G D) by induction on 
the dimension of C, as follows. If C G Do, Hr{t,x) = x. Assume C G D \ Dq. 
If X G C and t < t{x), let HT{t,x) — x — tec- So Hr{T{x),x) lies in a lower- 
dimensional cell C. For t > t{x) let HY{t,x) = HY{t — T{x),r{x)). So HY{t',x) G 
C for t > t{x). For fixed a, Hr{t, a) thus traverses finitely many cells as i ^ 00, 
with strictly decreasing dimensions. 

We claim that is continuous on [0, 00] x F"'. To see this fix a G C G D 
and let {t'.a') {t,a). We need to show that HY{t',a') — )■ HY{t,a). By curve 
selection it suffices to consider (t', a') varying along some line A approaching [t, a). 
For some cell C we have a' G C eventually along this line. 

If a' G Wo then a G PFq since Wq is closed. In this case we have Hr{a',t') — 
a',H-p{a,t) — a, and a' ^ a tautologically. Assume therefore that a' ^ Wq, so 
C ^ Do, e' 7^ (where e' = ec), and r(a') 7^ 00. 

Consider first the case: t' < T{a') (cofinally along A). Then by definition we 
have Hr{t', a') = a' — t'e' . Now C must be a boundary face of C", cut out from 
the closure of C by certain hyperplanes ajV — = (j G J{C,C')). We have 
ajV = Cj for V E C, and (we may assume) ajV > Cj for v G C. 

If 7j = aje' > for some j, fix such a j. As t' < T{a'), we have aj{a' — t'e') = 
ajtt' — ■fjt' > Cj, so t' < 'y~^{aja' — cj). Now a' — t- a so aja' — cj — )■ 0. Thus 
f 0, i.e. t = 0. So Hr{t, a) = a, and Hr{t, a) - Hr{t', a') = a - {a' - t'e') = 
(a - a') +t'e^O (as {t', a') {t, a) along A). 
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The remaining possibility is that Ujc' = for each j G J{C, C). So UjV = for 
each V G I3'C'. Hence (3'C' C /3C. Since /3'C C P'C, it follows that P'C = P'C 
and so ec = ec'- Now {t, x) x — te' is continuous on all of F x F"' so on C U C, 
and hence again H-pit', a') — )■ H-pit, a). 

This finishes the case t' < T{a') (including r(a') = oo). In particular, letting 
a" = Hr{a' ,T{a')), we find that a" — )■ a; and T(a') — > t* for some t*. Now by 
induction on the dimension of the cell C, we have Hr{t'—T{a'), a") — )■ Hr{t—t*, a); 
it follows that Hr{t', a') — t- Hr{t, a). This shows continuity on [0, oo] x F'". 

Note that if C G D \ T>q, then depends only on coordinates Xj with Xi <c h. 
This follows from the fact that C,i is bounded on any part of C where h is bounded; 
so < mh for some m. Since Xj(ec) = for i <c h, it follows that is left 
unchanged by the homotopy on C. So along a path in the homotopy, takes only 
finitely many values (one on each cell); being continuous, it must be constant. 
In other words the are preserved. The closures of the cells are also preserved, 
hence, as W CiT^ is closed, fl F"" is preserved by the homotopy. 

Extend Hr to W by letting Hr{t, x) = x hi x e W ^V" . We argue that Hr 
is continuous at (t, a) for a G W \ F"', i.e. h{a) = oo. We have to show that for 
a' close to a, for all t, H^lt, a') is also close to a. If a' ^ F*^ we have H^lt, a') = a'. 
Assume a' G F""; so a' G C for some C G I*. If C G 2)o, again we have 
Hr{t,a') = a'. Otherwise, there will be a time t' such that Hr{t',a') = a" ^ C. 
So a" will fall into a another cell, with lower v. We will show that HY{t,a') 
remains close to a for t < T{a'). In particular, a" is close to a; so (inductively) 
HY-{t, a") = Hr{t' + 1, a) is close to a. Thus it suffices to show for each coordinate 
i & w that Xj(a') remains close to Xj(a). If i <c' h then the homotopy does 
not change Xj(a') so (as a is fixed) we have Xi{HY{t,a')) = Xi{a') — )■ Xi{a) = 
Xi{Hr(t,a)). So assume h <c i- Since h(a) = oo we have h{a') — t- oo and hence 
Xj(a') — )■ oo. So Xj(a) = oo = Xi{Hr(t,a)). For any c = Hr(t,a'), t < T{a'), we 
have Xj(c) > h{c)/m = h{a')/m. Since a' — )■ a, /i(a') is large, so Xi{c) is large, i.e. 
close to Xi{a). This proves the continuity of on This ends the proof of 
Lemma [inXH □ 

Lemma 10.5.2. There exists a z-dense open subset W° in W such that with 

W' = {W° \[v = oo]) U[h = oo], 

there exists an A-definable deformation retraction '■ [0, oo] x W' — )■ W whose 
image is a definably compact set Wq ofW and such that leaves the C,i invari- 
ant, fixes [h = oo], and is H-equivariant. 

Proof. First assume W is z-irreducible and is not contained in [v = oo]. Let 
be the set of alH G w such that the i'th projection tTj : — )■ Fqo does not take 
the constant value oo on W. Clearly 7r° = UitzwoiTi is a homeomorphism on W 
onto the image. Note that tt°{W) fl F'"" is z-open and z-dense in tt°{W), and 
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disjoint from [v = oo]. Applying Lemma [10.5. II to n°iW) flF'"" and pulling back 
by 7r° we obtain the required homotopy = H^^w 

In general let W = VJ^Wy be the decomposition of W into components. For 
each I/, let Hy = Hi-^Wy be as above. Note that the intersection of two components 
is a proper subset of each. Let W° = \ Uy/jAyWyr. Then W° is z-open and 
z-dense in W°. Let Hr^w be the union of all Hy\W°, over all components 
that are not contained in [v = oo] (equivalently, W° has empty intersection with 
[u = oo]). The process in Lemma [10. 5. II and in the first paragraph of the present 
lemma is entirely canonical, the retraction ifr.iy obtained this way is A-definable 
and if-invariant . □ 

Note that since Wo is definably compact and contained in U [h = oo], for 
each i & w there exists some G N and q G T{A) such that Xi < rriiXh + Q on 
Wq n F"". We will use these mj, c, below. 

Lemma 10.5.3. Let T be a T -internal iso-definable subset of V which is the 
image ofV under an A-definable strong homotopy retraction. Assume T is Zariski 
dense in V in the sense of \3.9[ . Then there exists a continuous A-pro-definable 
map f3 : V ^ FJ^, injective on T, such that if Z G /9(T) is a z-open dense subset 
ofT^, then l3~^{Z) is a Zariski open dense subset ofV. 

Proof. Let a : V ^ be the composition of a retraction to T with an appro- 
priate A-definable injective continuous map T — )■ F^ as provided by Corollary 
16.3.71 Let Ci, . . .Cr, be the irreducible components of V. For each Cj, let Xj be 
a valuative schematic distance function to Cj and let = {a{x),xi, . . . ,Xr)- 
By Lemma [9. 4. 3[ (3~^{Z) is Zariski closed if Z is z-closed. Hence the same holds 
for z-open. If Z G Y is z-closed in Y = P{T) and contains no z-component of 
Y, suppose P~^{Z) contains some Cj^. Then P^^{Z) U ^jj^jgCj contains T, so 
Z U ^jj^jo[xj = oo] contains Y. It follows that Uj^j^lxj = oo] contains Y al- 
ready. But then as Cj = P~^{[xj = oo]) we have T C UjyjgCj, contradicting the 
hypothesis on T. □ 

10.6. The inflation homotopy. By Lemma 19.3.21 there exists an A-definable 
homotopy Hinj : [0,oo] x V ^ V respecting the functions and the group 

action H with image contained in {V \ D^ert) U -Dq- (In fact, by Lemma 19.3.11 
the image is contained in Z with Z a v+g-closed bounded definable subset of V 
with Z n Dyert ^ Dq.) We also require that the functions (pi = min(xj, rriiXh + q) 
be preserved, for each i & w. This is possible by the same lemma, since these 
functions into F are continuous off Dq. Now the restriction of (pi to Wo is just the 
z'th coordinate function; so a~^{Wo) is fixed pointwise by Hinf. By construction 
Hinf satisfies (*). 
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We will define H as the composition (or concatenation) of homotopies 

H = H^O {{H~ O H^urves) o H,nf) : l" X V ^ V 

where is to be constructed, and /" denotes the generalized interval obtained 
by gluing [oo,0], /' and [0,oo]. Being the composition of homotopies satisfying 
(*), H satisfies (*). 

Since the image of ifj„/ is contained in the domain of Hhc, the first composition 
makes sense. 

By construction, we have a continuous A-pro-definable retraction Ptc from 
{V \ Dyert) ^bci sending h to the final value of t i— )■ Hbc{t,v). Furthermore, 
by Lemma 110.4. 1^ T^c is Zariski dense in V. Applying Lemma 110.5.31 to let 
P : V \ D^ert ""^ be a continuous A-pro-definable map, injective on Tf,c, such 
that a Z G (3{Tf,c) is a z-open dense subset of T^, then (5~^{Z) is a Zariski open 
dense subset of V . Denote by a the restriction of /3 to T;,c. Let W° be as in 
Lemma [10.5.21 Then P~^{W°) is Zariski open and dense. Now for any Zariski 

dense open O, the image Imj of Hinf is contained in O U Dq. Thus Pbc{Imf) is a 
definably compact subset of l3~^{W°)nTbc- Note that P restricts to a homeomor- 
phism ai between this set and a definably compact subset Wi of W. One sets 
H^{t, x) = ai^Hr{t, ai{x)): in short, is Hr conjugated by a, restricted to an 
appropriate definably compact set. So H is well-defined by the above quadruple 
composition. 

Since Hinf fixes a~^{Wo), and Wq is the image of Hr, Hinf fixes the image of 
H. One the other hand Hbc fixes T^c and hence the subset a~^{Wo) C The- Thus 
H fixes its own image T = a~^{Wo). 

Any limit point g of T in D^ert is necessarily in Dq, as one sees by applying a. 
Hence T is definably compact and a is a homeomorphism from T to the definably 
compact subset Wq of F^. 

We now check that T is Zariski dense in V. Otherwise there would exist 
a definable continuous function t] : W — )■ Fqo such that Wq C ?7~^(oo) and 
W' 2 ?7~^(oo). Pick a point x in W with ri{x) finite. By construction of H^, 
for some finite Iq, i7r(to,a;) lies in Wq. This is a contradiction, since the function 
t H-j- iri{HY{t,x)) can only take finite values for finite t. 

This ends the proof of Theorem 110. l.H except for the verification of (5). If 
p, q are stably dominated types satisfying (5), where p is M-definable, c |= p|M, 
q is M(c)-definable, a \= g|M(c), and r is the unique stably dominated type 
over M with tp(ca/M) = q\M (given by Lemma [2.5.5p . then it is clear from the 
definitions that r has property (5) too. Now (5) is clear for the homotopy on 
a curve. Inductively it holds for the skeleton of the base homotopy. Hence by 
transitivity it holds for each element of f T^c, away from -Dt^er? oi on Dq. Since 
any element of T is in fact such an element of T^c, one deduces (5). □ 
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10.7. Variation in families. When h : X Y isa pro-definable map, forming a 
commutative diagram with maps X T,Y T, the family of maps ht \ Xt ^ Yt 
obtained by restriction to fibers above t G T is referred to as uniformly pro- 
definable. We will be interested in the case where T is a definable set. 

Consider a situation where (V, X) = (VJ, Xf) are given uniformly in a parameter 
t, varying in a definable set T. For each t, Theorem 1 10 . 1 . 1 1 guarantees the existence 
of a strong homotopy retraction ht : IxXt Xt, and a definable homeomorphism 
jt '■ Wt — > ht{ej,Xt), with Wt a definable subset of F^^*). Such statements are 
often automatically uniform in the parameter t. However here the pro-definable 
ht is given by an infinite collection of definable maps, so compactness does not 
directly apply. Nevertheless the proof is uniform in the parameter t. We state 
this as a separate proposition. 

Proposition 10.7.1. Let Vt be a quasi-projective variety, Xf a definable subset 
ofVtX F^, definable uniformly in t E T over some base set A. Then there exists 
a uniformly pro-definable family ht : I x Xt ^ Xt, a finite set w{t) a definable 
set Wt C F^^*\ and jt : Wt — )■ ht{0,Xt), pro-definable uniformly in t, such that 
for each t E T , ht is a deformation retraction, and jt : Wt — > /it(0,X() is a 
pro- definable homeomorphism. 

Moreover, (1), (2) and (3) of Theorem \10.1.1\ can be gotten to hold, if the C,i 
and the group action are given uniformly. 

Proof. The homotopy in the conclusion of Theorem llO.l.ll is a composition of four 
homotopies; these in turn are obtained by composing a number of constructions. 
The lemmas in these constructions have the following general form: 

(*) Let El, E2, . . . ,Ek be pro-definable sets over A; assume property P holds 
oi E = {El, . . . ,Ek); then there exists a pro-definable Y such that Q holds of 
{E,Y). 

We have to check, in each case, the following: 

(*u) \{ A = Ao(a), and ii E = Ea is given uniformly in a and P{Ea) holds for 
all a in some Ao-definable set D, then Y can be taken to be uniformly definable 
in a, and Q{Ea, Ya) holds for all a E D. 

Here if the property P involves itself an existential quantifier over a pro- 
definable object, e.g. a bijection between a subset of F*^ and E, then this bijection 
should be taken as part of the data; similarly for the conclusion. 

There are two cases in which (*) (proved for all A) automatically implies (*u). 
We can view E as a sequence {En) of definable sets, and similarly F as a sequence 
(Yn). Assume the property Q{E, Y) is a (usually infinite) collection of first-order 
sentences, in a language enriched with predicates for y„; and similarly P. 

Case (i): When Y in (*) is definable rather than prodefinable, the uniformity 
(*u) follows from compactness. 
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This is the case in the lemmas on relative curves, since V/U is definable. It is 
also the case for the homotopy within F, since again it lives entirely on a definable 
set; and also for Lemma [1 . 3 . 1 1 and Lemma [10.3.21 

Case (ii): Assume in (*) that Y not only exists but is unique, in the strong 
sense that for any model of the theory, and any E with P{E), there exists at 
most one Y = {Yn)n with Q[E,Y). Then Beth's theorem implies that Y is pro- 
definable (as we are already assuming); but furthermore, since Beth's theorem 
applies to the incomplete theory with a constant for t, it implies that if the data 
is uniformly definable then so is y. 

Examples where (ii) applies are Lemma 15.3.31 and Lemma 13.7.31 

For some lemmas, however, we do not know an a posteriori proof of automatic 
uniformity, and have no better way than repeating the proof, dragging along an 
additional parameter t. Let us consider the case of Lemmas 16.3.91 and 16.3.121 
which are good examples, leaving the verification of the remaining lemmas to the 
reader. The hypothesis of Lemma [6 . 3 . 9 1 includes the hypothesis that each fiber Xu 
is F-internal; in the uniform version, we assume that this internality is uniform 
in t, i.e. that there are uniformly t-definable bijections Qu '■ Zu ^ Xu with Zu a 
definable subset of F". Hence the second sentence of the proof of Lemma 16.3.91 
goes through, i.e. compactness yields (m, d) such that o is injective for all 
u, t, and hence r/j is injective. The rest of the proofs of these lemmas goes through 
even more routinely. □ 



11. The nonsingular case 

11.1. For definable sets avoiding the singular locus it is possible to prove the 
following variant of Theorem 110. 1.11 The proof uses the same ingredients but is 
considerably simpler in that only birational versions of most parts of the con- 
struction are required. 

Given an algebraic variety V one denotes by Kjing its singular locus. 

Proposition 11.1.1. Let V be a quasi-projective variety over a valued field F 
and let X be a v-open F -definable subset ofV, with empty intersection with Vging- 
Then there exists an F-definable homotopy h : I x X ^ X between the identity 
and a continuous map to a pro-F -definable subset definably homeomorphic to a 
definable subset of w' x F"', for some finite F-definable sets w and w' . 
Moreover, 

(1) Given finitely many continuous F-definable functions : X — )■ F, one can 
choose h to respect the ^i, i.e. ^i{h(t,x)) = ^j(x) for allt. 

(2) Assume given, in addition, a finite algebraic group action on V preserving 
X. Then the homotopy retraction can be chosen to be equivariant. 
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(3) // X is definably compact, the interval I can be taken to be the standard 
interval [oo,0], and h can be taken to be a deformation retraction. 

(4) // V has dimension d at each point x & X , then each point of the image 
of h, viewed as a stably dominated type, has transcendence degree d. 

In particular this holds for X = V when V is nonsingular. 

Note that the conclusion mentions F rather than Too- The finite set w' can be 
dispensed with if T{F) ^ (0), or if X is connected, but not otherwise, as can be 
seen by considering the case when X is finite. 

The proof depends on two lemmas. The first recaps the proof of Theo- 
rem 110. l.H but on a Zariski dense open set only. The second is a stronger form 
of infiation, using smoothness, moving into the Zariski open. 

Lemma 11.1.2. Let V be a quasi-projective variety defined over F . Then there 
exists a Zariski open dense subset Vq of V , and an F -definable deformation re- 
traction h : I xVq ^ Vq whose image is a pro-definable subset, definably homeo- 
morphic to an F -definable subset of w' x , for some finite F -definable sets w' 
and w. 
Moreover: 

(1) Given finitely many F-definable functions C,i '■ V ^ T , one can choose h 
to respect the ^i, i.e. ^i{h{t,x)) = C,i{x) for all t. 

(2) Assume given, in addition, a finite algebraic group action on V preserving 
X . Then Vq and the homotopy retraction can be chosen to be equivariant. 

Proof. Find a Zariski open Vi with dim(\^ \ Vl) < dim(\^), and a morphism 
TT : Vi — )■ [/, whose fibers are curves. Let Hcurves be the homotopy described in 
§10.31 It is continuous outside some subvariety U' of U with dim(f/') < dim(f/); 
replace Vi by Vi = 7i^^{U'). So Hcurves is continuous on Vi; the image 5*1 is 
relatively F-internal over U. By a (greatly simplified version of) the results of 
§6, over some etale neighborhood U' of U, Si becomes isomorphic to a subset of 
U' X F^. 

Claim. On a Zariski dense open subset of Vi, Si is isomorphic to a subset of 
U' X {1,...,N} X F". 

Proof of the Claim. By removing a proper subvariety, we may assume Vi is a 
disjoint union of irreducible components, and work within each component W 
separately. The part of 5*1 mapping to U' x F" is Zariski open in 5*1; if it is 
not empty, by irreducibility of Vi it must be dense, and so we can move to this 
dense open set and obtain the lemma with = 1. Otherwise Si is isomorphic 
to a subset of U' x dT^^, where dT"^ = FJ^ \ F". In this case we can remove 
a proper subvariety and decompose the rest into finitely many algebraic pieces, 
each mapping into one hyperplane at oo of F^. □ 
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We may thus assume 5*1 is isomorphic to a subset of U' x {1, . . . , A^} x F". 
Inductively, the lemma holds for U', so there exists a homotopy Hf,ase defined 
outside some proper subvariety U". Let Vq = 1/i wr"^ ([/")• As in Theorem [JOHIIl 
lift to a homotopy defined on Si fl Vq. The homotopies can be taken to meet 
conditions (1) and (2). Composing, we obtain a deformation retraction of Vq to 
a subset 5*, and a homeomorphism a : S ^ Z (Z {1, . . . , M} x F™, defined over 
acl(yl). We may assume M > 1. As in Lemma [6 .3. 71 we can obtain an A-definable 
homeomorphism into ({1, . . . , M} x r™)"'. □ 

Lemma 11.1.3. Let V be a subvariety ofF^, and let a & V be a nonsingular 
point. Then the standard metric on P" restricts to a good metric on V on some 
v-open neighborhood of a. 

Proof. For sufficiently large a, the set of points of distance > a from a may be 
represented as the 0-points of a scheme over with good reduction, whose special 
fiber is irreducible, in fact a linear variety. □ 

Proof of Proposition Let He be a homotopy as in Lemma lll.l.2[ defined 

on Vq. In particular we obtain a continuous map /(O) : Vq — ?■ 5*0, where 5*0 is the 
skeleton. Now 5*0 admits an continuous, 1-1 map g into F'" for some w. For large 
t, let Hinf{v,t) be the generic type of the ball of valuative radius t around v. 
Since X is v-open, Hinf{v,t) stays within X. As in the proof of Theorem 110. 1.1^ 
find a continuous cutoff. Note that the image of -ffm/ is contained in Vq. Let H 
be the composition of He and Hinf. 

Now assume X is definably compact. Then the image of X under Hmf is 
bounded away from Zq = V \ Vq, say at distance > ao- In particular g o f o Hq is 
a continuous map into F (where Hq is the final map of Hinf). Now modify Hmf 
so as to stop as soon as distance > from Zq is reached. Then the image of X 
under H^nf is still bounded away from Zq at distance Oq, but now all points at 
such distance are fixed by H^nf. It follows that H^nf is a deformation retraction. 
To ensure that the composition is also a deformation retraction we proceed as in 
Theorem IIO.I.H composing with an additional homotopy internal to F. 

Given any chain of composed homotopies hi o ■ ■ ■ ■ km, hy precomposing with 
Hinf we obtain hi o ■ ■ ■ o hm ° h, such that each hi, restricted to the image of 
hi+i o ■ ■ ■ o h, is constant on some semi- infinite interval [a, oo]. Thus as in §11.21 
the intervals can be glued to a single interval. The homotopy internal to F is only 
needed on a compact, where v_ is bounded, and hence requires a finite interval 
too. □ 

Remark 11.1.4 (A birational invariant). It follows from the proof of Proposi- 
tion 111. 1.11 that the definable homotopy type of V \ Vising (or more generally of 

X \ Vising when X is a v-open definable subset of V) is a birational invariant of 
V (of the pair (V", X)). This rather curiously complements a theorem of Thuillier 
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11.2. On the number of intervals. Our proof of Theorem 110. 1.11 uses the 
induction hypothesis for the base U, lifted to a certain o-minimal cover (using the 
same generalized interval.) This is composed with three additional homotopies: 
inflation, and the relative curve homotopy, and the homotopy internal to F. Each 
of these use the standard interval from oo to 0. The number h{n) of basic intervals 
needed for an n-dimensional variety thus satisfles h{l) = 1, h{n + 1) < h{n) + 3, 
so h{n) < 3n — 2. 

Observe that if / is a glueing of n intervals [—00,00], and /:/—)■ is a path 
which is constant on some [—00, a] in each copy of [—00, 00], and constant on some 
[b, 00] in all but the right-most interval, then one can collapse the generalized 
interval to an ordinary interval, and the path / is equivalent to one deflned on 
an interval [0, 00] C Too- Similar considerations apply to homotopies. 

For a homotopy whose interval cannot be simplifled in this way, consider x . 
With the natural choice of flbering in curves, the proof of Theorem 110. 1.11 will 
lead to an iterated homotopy to a point: flrst collapse to {point} x P^, then to 
{point} X {point}. 

Nevertheless one may ask if Theorem 1 1 . 1 . 1 1 remains true with homotopies using 
a single standard interval [0, 00] C Fqo- This is not important for our purposes but 
may become so in future work involving higher resolution. At least on a smooth 
projective variety V, the answer is likely to be positive; see Proposition 111. 1.11 



12. An equivalence of categories 

12.1. A semi-algebraic subset of V is by deflnition a subset of the form X, where 
X is a deflnable subset of V. 

Let CvF be the category of semi-algebraic subsets of V, V an algebraic variety; 
the morphisms are pro-deflnable continuous maps. We could also say that the 
objects are deflnable subsets of V, but the morphisms U ^ U' are still pro- 
deflnable continuous maps U ^ U'. 

Let Cr be the category of deflnable subsets X of F^ (for various deflnable flnite 
sets w), with deflnable continuous maps. Any such map is piecewise given by an 
element of GL„(Q) composed with a translation, and with coordinate projections 
and inclusions x t— )■ {x, 00) and x t— )■ (x, 0). (If X is a deflnable subset of FJ^ with 
no irreducible components of dimension < n, and Y C FJ^, then any deflnable 
continuous map is piecewise given by an element of GL„(Q) composed with a 
translation.) 

Let Cf be the category of separated F-internal deflnable subsets X of V (for 
various varieties V) with deflnable continuous maps. 

These categories can be viewed as ind-pro deflnable: more precisely Obc is an 
ind-deflnable set, and for X,Y & Obc, Mor(X, Y) is a pro-ind deflnable set. But 
usually we will be interested only in the subcategory consisting of A-deflnable 
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objects and morphisms. It can be defined in the same way in the first place, only 
replacing "definable" by "A-definable". 

The three categories admit natural functors to the category TOP of topological 
spaces with continuous maps. 

There is a natural functor 6 : Cr — ?■ , commuting with the natural functors 
to TOP; namely, given X C F^, let l{X) = {p^ : 7 G X}, where is as defined 
above Lemma I3.4.2I By this lemma and Lemma 13.4. 3[ the map 'J ^ Pj induces 
a homeomorphism X — )■ l{X). 

Lemma 12.1.1. The functor t is an equivalence of categories. 

Proof. It is clear that the functor is fully faithful. The essential surjectivity follows 
from Corollary 16.3.81 □ 

We now consider the corresponding homotopy categories HCyp, HCr and 
HC^. These categories have the same objects as the original ones, but the mor- 
phisms are factored out by (strong) homotopy equivalence. Namely two mor- 
phisms / and g from X to F are identified if there exists a generalized interval 
/ = [0, 1] and a continuous pro-definable map h : X x I ^ Y with ho = f and 
hi = g. One may verify that composition preserves equivalence; the image of Idx 
is the identity morphism in the category. 

The equivalence t above induces an equivalence HCr HC^. 

Lemma 12.1.2. For a definable X C F^, let C{X) = {x G A"' : val(x) G X}. 
Then the inclusion l{X) C C{X) is a homotopy equivalence. 

Proof. For t G [0, 00] one sets Hq = Gm{0), = {!}, and for t > 0, with 
t = val(a), Hf denotes the subgroup 1 + aO of Gm{0)- For x in C{X) one denotes 
by p{Htx) the the unique if^-translation invariant stably dominated type on HtX. 

In this way one defines a homotopy C{X) x [0, 00] — )■ C{X) by sending {x,t) 

to p{Htx), whose canonical extension C{X) x [0, 00] — t- C{X) is a deformation 
retraction with image l{X). □ 

Theorem 12.1.3. The categories HCr o-^d HCyr 0,1"^ equivalent by an equiva- 
lence respecting the subcategories of definably compact objects. 

To prove Theorem 112. 1.3^ we introduce a third category C2 whose objects are 
pairs {X, vr), with vr : X — )■ X a retraction (strongly homotopy equivalent to iden- 
tity) with F-internal image. A morphism / : (X, vr) — )■ (X',7r') is a continuous 
definable map / : X — X' such that f on = vr' o / . We define a homotopy equiv- 
alence relation ~2 on Morc2((X, vr), (X', vr')): / ~2 if there exists a continuous 
pro-definable /i : X x / — )■ X', ho = f,hi = g, such that ht o n = ir' o ht for all 
t. Again one checks that this is a congruence and that one can define a quotient 
category, HC2- 
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There is an obvious functor C2 — ?■ Cyp forgetting vr, and also a functor C2 — )■ 
, mapping {X, tt) to 7r(X). One checks that the natural maps on morphisms are 
well-defined and that they induce functors HC2 — > HCyp and HC2 — )■ HC^. To 
prove the theorem, it suffices therefore to prove, keeping in mind Lemma [12. l.H 
that each of these two functors is essentially surjective and fully faithful, and to 
observe that they restrict to functors on the definably compact objects, essentially 
surjective on definably compact objects. 

(If the categories are viewed as ind-pro-definable, these functors are morphisms 
of ind-pro-definable objects, but we do not claim that a direct definable equiva- 
lence exists.) 

Lemma 12.1.4. The functor HC2 — ?■ HCyp is surjective on objects, and fully 
faithful. 

Proof. Surjectivity on objects is given by Theorem llO.l.li Let (X, tt), (X', tt') G 
OhHC2 = ObC2. Let / : X — )■ X' be a morphism of Cvf- Then the com- 
position tt' o f o TT is homotopy equivalent to /, since tt ~ Idx and tt' ~ Idx', 
and is a morphism of C2. This proves surjectivity of Mothc'2{{^j ^)) i^'t ^0) ~^ 
Mothcvp{X, X'). Injectivity of this map is clear. □ 

Lemma 12.1.5. The functor HC2 HC^ is essentially surjective and fully 
faithful. 

Proof. To prove essential surjectivity it suffices to consider objects of the form 
i{X), with X G ObCr. For these. Lemma [12. 1.21 does the job. 

Let (X,7r),(X',7r') G OhHC2 = ObCa. Let g : tt{X) tt'{X') be a mor- 
phism of Cr- Then tt' o g o tt : X — i- X' is a morphism of C2. So even 
Morc2((X,7r), (X',7r')) ^ Morcr(X,X') is surjective. 

To prove injectivity, suppose g g2 : X — >■ X' are C2-morphisms, and h : 7r(X) x 
/ — )■ vr'(X') is a homotopy between gi\TT{X) and g2\TT'{X'). We wish to show that 
gi and g2 are C2-homotopic. Now for i = 1,2, gi and TT'giTT have the same image 
in Mor(7rX, tt'X'), and there is a homotopy between TT'giTT and TT'g2TT as remarked 
before. So we may assume gt = ir'giTT for i = 1,2. Define : X x / — )■ X' by 
H{x, t) = TT'h{TT{x),t). This is a C2-homotopy between gi and g2 showing that gi 
and (?2 have the same class as morphisms in HC2- □ 

12.2. Questions on homotopies over imaginary base sets. Is Theo- 
rem 110. 1.11 true over an arbitrary base? 

Assume (V, X) are given as in Theorem 110. 1.1^ but over a base A including 
imaginary elements. A homotopy is definable over additional field parameters 
c, satisfying the conclusion of Theorem 110. 1.11 over A{c). By the uniformity 
results of §10. 7[ there exists a A-definable set Q such that any parameter c G 
Q will do. One can find a definable type q, over a finite extension A' of A 
(i.e. A' = A{a'),a' G acl(A)). We know that q = J^f, with r an A-definable 
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type on F", and / an A-definable r-germ of a function into Q. Define h{t,v) = 
lining,. /c(t, f). Then h{t,v) is an A'-definable homotopy. It seems that 
the final image of h is F-parameterized, and has property (5) of Theorem 110.1. It 
isotriviahty is hkely to follow, and separatedness follows since one can take V to 
be complete. 

Similar issues arise when one tries to find a homotopy fixing a prescribed 0- 
definable element of V. 

Moreover it is not clear if h can be found over A instead of acl(A). 

13. Applications to the topology of Berkovich spaces 

13.1. Berkovich spaces. Set Moo = M U {oo}. Let F be a valued field with 
val(-F) C Mooj and let F = M) be viewed as a substructure of a model of 
ACVF (in the VF and F-sorts). Here M = (M, +) is viewed as an ordered abelian 
group. 

Let V be an algebraic variety over F, and let X be an F-definable subset of the 
variety V. We define the Berkovich space Bp{X) to be the space of types over F 
that are almost orthogonal to F. Thus for any F-definable function / with values 
in the F-sort and a |= p, we have /(a) G Foo(F) = Moo- So /(a) does not depend 
on a, and we denote it by f{p). We endow Bp{X) with a topology by defining a 
pre-basic open set to have the form {p G X fl f/ : val(/)(p) G W}, where U is an 
affine open subset of / is regular on [/, and W is an open subset of Moo- A 
basic open set is a finite intersection of pre-basic ones. 

When we wish to consider q G Bp{X) as a type, rather than a point, we will 
write it as g|F. 

When V is an algebraic variety over F, BpiV) can be identified with the 
underlying topological space of the Berkovich analytification of see [9j. When 
X is a F-definable subset of V , Bp{X) is a semi-algebraic subset of ^^^(V") in the 
sense of [8j; conversely any semi-algebraic subset has this form. 

An element of Bp{X) has the form tp(a/F), where F(a) is an extension whose 
value group remains M. To see the relation to stably dominated types, note that 
if there exists a F-definable stably dominated type p with p\F = tp(a/F), then 
p is unique; in this case the Berkovich point can be directly identified with this 
element of X. If there exists a stably dominated type p defined over a finite Galois 
extension F' of F, F' = [F', M), with p\F = tp(a/F), then the Galois orbit of p is 
unique; in this case the relation between the Berkovich point and the point of X 
is similar to the relation between closed points of Spec(V") and points of V{F"''-^). 
In general the Berkovich point of view relates to ours in rather the same way that 
Grothendieck's schematic points relates to Weil's points of the universal domain. 
We proceed to make this more explicit. 

Let K he a maximally complete algebraically closed field, containing F, with 
value group M, and residue field equal to the algebraic closure of the residue field 
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of F. Such a K is unique up to isomorphism over F by Kaplansky's theorem, 
and it will be convenient to pick a copy of this field K and denote it F"^"-^. 

We have a restriction map from types over K to types over F. On the other 
hand we have an injective restriction map from stably dominated types defined 
over K, to types defined over K. Composing, we obtain a continuous map from 
the set of stably dominated types in X defined over K to the set of types over F 
on X: 

ttx:X{K)^Bf{X). 
We shall sometimes omit the subscript when there is no ambiguity. 

Lemma 13.1.1. Let X he an F-definable subset of an algebraic variety over F. 
The mapping tt : X{K) — ?■ Bf{X) is surjective. 

Proof. If q lies in the image of tt, then q = tp(c/F) for some c with tp(c/i^) 
orthogonal to T; hence r(F(c)) C T{K{c)) = T{K) = T(F). 

Conversely, suppose q = tp(c/F) is almost orthogonal to F. Let L = F(c)'""^. 
Then r(F) = r(F(c)) = T{L). The field K = F""""" embeds into L over F; taking 
it so embedded, let p = tp{c/K). Then p is almost orthogonal to F, and q = p\F. 
Since K is maximally complete, p is orthogonal to F, cf. Theorem I2.8.2I □ 

The Berkovich points can thus be viewed as a certain quotient of the stably 
dominated points: Berkovich points of V over F are types over F of elements of 
V. Conversely, provided we restrict attention to fields F with T{F) archimedean, 
the stably dominated points can be described in terms of the Berkovich points: 
let Cp he the category of valued field extensions F' of F with value group M. A 
point of V is a (proper class) function choosing a point ap/ G Bfi{V), for any 
F' G Cp] such that ap' is functorial in F', i.e. for any valued field embedding 
j : F' ^ F", with induced map : V{F') V{F"), we have j^iap') = ap". If F 
is not maximally complete, not every point of BxiV) extends to such a functor. 

Recall § 13. 2[ and the remarks on definable topologies there. 

Proposition 13.1.2. Let X be an F-definable subset of an algebraic variety V 
overF. Let tc : V{K) -> Bp{V) be the natural map. Then TT-\Bp{X)) = X{K), 
and TT : X{K) — )■ Bp{X) is a closed map. Moreover, the following conditions are 
equivalent: 

(1) X is definably compact 

(2) X is bounded and v+g closed 

(3) X{K) is compact 

(4) Bp{X) is compact 

(5) Bp{X) is closed in BpiV'), where V is any complete F-variety containing 
V. 

The natural map Bp/{X) Bp{X) is also closed, if F < F' and F(F') < M. 
In particular, Bp{X) is closed in Bp{V) iff Bpi{X) is closed in Bpi(y). 
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Proof. We first consider the five conditions. The equivalence of (1) and (2) is 
aheady known by Proposition 14.2. iTl Assume (2). The topology on X is induced 
from a family of maps into Too- These maps are all bounded on X, so they embed 
X into a product of spaces [a, oo] C Too, hence X{K) into [a, oo] C Moo- By 
Tychonoff's theorem, X{K) is compact, (3). In this case, vr is a closed map, and 
we saw it is surjective, so Bf{X) is compact, (4). Now the inclusion Bp{X) — )■ 
Bf{V') is continuous, and Bf{V') is Hausdorff, so (4) implies (5). 

On the other hand if (1) fails, let V be some complete variety containing V, 
and let K = F™'"'^ . There exists a ii'-definable type on X with limit point q in 
V \ X. So 7r(g) is in BpiV') and in the closure of Bp{X), but not in Bp{X). 
This proves the equivalence of (1-5). 

The equality TT^^{Bp{X)) = X{K) is clear from the definitions. Now the 
restriction of a closed map tt to a set of the form 7r~^(iy) is always closed, as a 
map onto W. So to prove the closedness property of tt, we may take X = V, and 
moreover by embedding in a complete variety we may assume V is complete. 
In this case X = V is v+g-closed and bounded, so X{K) is compact by condition 
(3). As Bp{X) is Hausdorff, vr is closed. The proof that Bpr{X) — )■ Bp{X) 
is also closed is identical, and taking X = V we obtain the statement on the 
base invariance of the closedness of X. We could alternatively use the proof of 
Lemma 13.4.41 □ 

Proposition 13.1.3. Assume X and W are F-definable subsets of some algebraic 
variety over F. 

(1) Let ho : X W be an F-definable function. Then ho induces functorially 
a function h : Bp{X) — )■ Bp{W) such that nw ° h = h o ttx o i, with 
i : X ^ X the canonical inclusion. 

(2) Any continuous F-definable function h : X W induces a continuous 
function h : Bp{X) — )■ Bp{W) such that ttw o h = h o ttx . 

(3) The same applies if either X or W is a definable subset of and we 
read Bp{X) = X{F), respectively Bp{W) = W{F). 

Proof. Define h : Bp{X) — )■ Bp{W) as in Lemma 13.7.11 (or in the canonical 
extension just above it). Namely, let p G Bp{X). We view p as a type over F, 
almost orthogonal to F. Say p\F = tp(c/F). Let d \= h{c)\F{c). Since h{c) is 
stably dominated, tp(c?/F(c)) is almost orthogonal to F, hence so is tp{cd/F), 
and thus also tp{d/F). Let h{c) = tp{d/F) G Bp{W). Then h{c) depends only 
on tp(c/M), so we can let h{p) = F{c). 

For the second part, let ho = h\X he the restriction of h to the simple points. 
By Lemma [3.7.2^ h is the unique continuous extension of ho. Define h as in (1). 
Let TTx '■ — 7- Bp{X) and nw '■ W{K) — )■ Bw{X) be the restriction maps 
as above. It is clear from the definition that h{TTx{p)) = 7Cw{h{p)). (In case K 
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is nontrivially valued, this is also clear from the density of simple points, since 
h o TTx and 7T^r o h agree on the simple points of X{K).) 

It remains to prove continuity. By the discussion above, vr is a surjective, closed 
map. Hence since h^^{U) = 7Cx{7^x^{h^^{U))), the continuity of h follows from 
that of ho TTx- 

(3) The proof goes through in both cases. □ 

Lemma 13.1.4. Let X be a F-definable subset ofVx FJ^ with V a variety over 
F. 

(1) Let f : X ^ Y be an F-definable map, q G Bf{Y), and assume U is an 
F-definable subset of X, and Ub is closed in X^ for any b \= q\F. Then 
Bp{U)q is closed in Bp{X)q. 

(2) Similarly if g : X — )■ Too is an F-definable function, andg\Xb is continuous 
for any b \= q\F, then Bpig) induces a continuous map on Bp{X)q — )■ Too- 

(3) More generally, if g : X —> V is an F-definable map into some variety 
V , and g\Xb is v+g- continuous for any b \= q\F, then Bp[g), by which we 
mean Bp of the graph of g, induces a continuous map Bp{X)q : Bp{X)g — )■ 
Bp{Z). 

Proof Indeed if r G Bp{X)g\Bp{U)g, let c |= r|F, b = f{c). We have c G Xb\Ub, 
so there exists a definable function ab '■ Xb Too and an open neighborhood Ec 
of ab{c) such that a^^(i?f,) C Xb \ Ub- By Lemma [3.4.4[ ab can be taken to be 
F(6)-definable, and in fact to be a continuous function of the valuations of some 
F-definable regular functions, and elements of r(F). There exists a F-definable 
function a on X with ab = a\Xb. Now a separates r from Bp{U)q on Bp{X)q, 
showing that U is closed in Bp{X)g. 

The statement on continuity (2) follows immediately: if Z is a closed subset of 
Too, then g~^{Z) fl Xb is closed in each Xb, hence g~^{Z) fl Bp{U)q is closed. 

The more general statement (3) follows since to show that a map into Bp{Z) 
is continuous, it suffices to show that the composition with Bp{s) is continuous 
for any definable, continuous s : Z' Too, Z' Zariski open in Z. □ 

We have the induced map / : Bp{X) — )■ Bp{Y). Let Bp{X)g = f^^{q), a 
subspace of Bp{X). Here is a version of Proposition 113.173) relative to the base 
Y. 

Lemma 13.1.5. Let X , Y and W be F-definable subsets of some algebraic variety 
over F. Let fx'-X^Y and fw : W ^ Y be given v+g- continuous, F-definable 
maps, and h : X ^ W/Y an F-definable map inducing H : X/Y — )■ W/Y. 
Assume H\Xb is continuous for every b eY. Then for any q G Bp{Y), h induces 
a continuous function kg : Bp{X)g — >■ Bp{W)q. 

Proof. The topology on Bp{W)q is induced from Bp{W), and this in turn is the 
coarsest topology such that Bp{g) is continuous for any f-l-^f-continuous definable 
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g : W ^ Too- Composing with Bpi^g), we see that we may assume W = Y x Too- 
We have h : X ^ Too, inducing H : X/Y — Too, and assume H\Xh is continuous 
for b & Y. We have to show that a continuous hq : BF{X)q — )■ Too is induced. 

In case the map X — )■ Too induced from h is continuous, by Lemma 113.1.31 h is 
continuous, and hence the restriction to each fiber Bp{X)q is continuous. 

In general, let X' be the graph of viewed as an isodefinable subspace of 
X X Too- The projection X' — )■ ly is continuous, so a natural, continuous function 
BF{X')q — 7- Too is induced, by the above special case. It remains to prove that the 
projection map Bp{X')q — Bp{X)q is a homeomorphism (with inverse induced 
by {x I— )■ (x, /(a;))). When g = 6 G F is a simple point, this follows from the 
continuity of H\Xi,. Hence by Lemma [13. 1.4| it is true in general. □ 

In the Berkovich category, as in §5.3l and throughout the paper, by deformation 
retraction we mean a strong deformation retraction. 

Corollary 13.1.6. (1) Let X he an F-definable subset of some algebraic va- 
riety over F. Let h : I x X X be an F-definable deformation retraction, 
with image h{ej,X) = Z. Let I = /(Moo) (^i^'d Z = Z(F). Then h induces 
a deformation retraction h :I x Bf{X) — )■ Bp{X) with image Z. 

(2) Let X ^ Y be an F-definable morphism between F-definable subsets of 

some algebraic variety over F. Let h : I x X/Y — i- X/Y be an F-definable 
deformation retraction satisfying {*), with fibers hy having image Zy. Let 
q G Bp{Y). Then h induces a deformation retraction kg : I x Bp{X)q — )■ 
Bp{X)q, with image Zq. 

(3) Assume in addition there exists a definable T C and definable home- 
omorphisms Uy : Zy ^ T , given uniformly in y. Then Z^ = T. 

Proof. (1) follows from Lemma 113.1.3} the statement on the image is easy to 
verify. (2) follows similarly from Lemma [13.1.51 For (3), define /3 : X — )■ T by 
fi{x) = ay{h{Oi,x)) for x G Xy, 0/ being the final point of /. Then ay o /3(x) = 
h{Oi,x), f3{h{t,x)) = /3{x), f3{ay^{x)) = x. Applying Bp and restricting to the 
fiber over q we obtain continuous maps /3, a"^ by Lemma I13.1.4t the identities 
survive, and give the result. □ 

For our purposes, a Q-tropical structure on a topological space X is a homeo- 
morphism of X with a subspace S of [0, oo]" defined as a finite Boolean combi- 
nation of equalities or inequalities between terms J2 <^i^i + c with at G Q, > 
0, c G M. Since 5* is definable in (M, +, ■), X is homeomorphic to a finite simplicial 
complex. 

From Theorem 110. 1.11 and Corollary 113.1.61 we obtain: 

Theorem 13.1.7. Let X be an F-definable subset of a quasi- projective algebraic 
variety V over a valued field F with val(F) C M^^. There exists a deformation 
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retraction H : I x Bf{X) — Bf{X), whose image Z has a Q-tropical structure; 
in particular it is homeomorphic to a finite simplicial complex. 

We next state some functorial properties of the deformation retraction above. 
Like Theorem 1 13. 1.71 these were proved by Berkovich assuming the base field F is 
nontrivially valued, and that X and Y can be embedded in proper varieties which 
admit a pluri-stable model over the ring of integers of F . We thank Vladimir 
Berkovich for suggesting these statements to us. 

Whenever we write BpiV), we assume val(F) < M, allowing the case that 
val(F) = 0. 

Theorem 13.1.8. Let X and Y he quasi- projective algebraic varieties over a 
valued field F with value group contained in M. 

(1) There exists a finite separable extension F' of F such that, for any non- 
Archimedean field F" over F' , the canonical map Bf"{X®F") — )■ Bfi{X® 
F') is a homotopy equivalence. In fact, there exists a deformation retrac- 
tion of Bf'{X) to S' as in Theorem \13.1.1\ that extends to a deformation 
retraction of Bf"{X) to S" , for which the canonical map S" S' is a 
homeomorphism. 

(2) There exists a finite separable extension F' of F such that, 
for any non- Archimedean field F" over F' , the canonical map 
Bf"{X X y) — )■ Bf"{X) X Bf"{Y) is a homotopy equivalence. 

(3) For smooth X and a dense open subset U in X, the canonical embedding 
Bf{U) — i- Bf{X) is a homotopy equivalence. 

Proof. Let S be the skeleton given in Theorem llU.l.ll According to this theorem, 
there exists an F-definable embedding S — )■ F^, where w is a finite set. Let F' 
be a finite Galois extension of F, such that Aut(F"'^/F') fixes each point of w. 
Then there exists an F'-definable bijection 5* — )■ T]!^, n = \w\. It follows that 
S(F") = SiF') whenever F" > F is a valued field extension with r(F") = M. The 
image of 5* in Bf{X) is thus homeomorphic to S{F')/G where G = Aut{F'/F). 
The image Sf" of S in Bf"{X) is homeomorphic to S* = «S'(F'). 

Moreover, there exists a finite separable extension F' of F, such that S{F') = 
S{F"-''^). Both of these statements are immediate from the F-definable bijection 
S — 7- r^, where w is a finite set; it suffices to choose F' such that Aut(-F'*'^/F') 
fixes w pointwise. Note that the canonical map V{K) — )■ Bf>{V) restricts to an 
injective map on S, since S{K) C S{F'). 

(1) The homotopy of Theorem 110. 1.11 is F-definable, and so functorial on F"- 
points for any F" > F. In particular for any F < F' < F", the homotopy 
of Bf"{X) is compatible with the homotopy of Bf'{X) via the natural map 
Bf"{X) — )■ Bf'{X) (restriction of types). The final image of the homotopies is 
respectively Sf" and Sf'] we noted that these are homeomorphic images of S and 
hence homeomorphic via the natural map. 
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(2) Follows in the same way from Corollary 18.7.41 (which was proved precisely 
with the present motivation). The deformation retraction X x Y (S^T) 
induces, over any F" > F, a deformation retraction on Bpi{X x Y) whose image 
is (S'(g)T)/Aut(F"^^/F"). If F" > F', the Galois action is trivial, so the image is 
canonically homeomorphic to S^T = S xT. The canonical map Bpii{X x F) — )■ 
Bf»{X) X Bf»{Y) is thus part of a commuting triangle where the other two maps 
are homotopy equivalences, as in the proof of Corollary 18.7.41 so it is itself a 
homotopy equivalence. 

(3) The third item follows from Remark 11.1.4. □ 

The following result was previously known when X is a smooth projective curve 
12J: 

Theorem 13.1.9. Let X be an F-definable subset of a quasi-projective algebraic 
variety V over a valued field F with val(F) C and assume Bf{X) is compact. 
Then there exists a family (Xj : i E I) of finite simplicial complexes embedded in 
Bf{X), where I is a directed partially ordered set, such that Xi is a subcomplex 
of Xj for i < j , with deformation retractions iTij : Xj — )■ Xi for i < j , and 
deformation retractions TTj : Bf{X) — )■ Xj for i E I , satisfying Tfij o hj = m for 
i < j , such that the canonical map from Bf{X) to the projective limit of the 
spaces Xj is a homeomorphism. 

Proof. Let the index set J consist of all F-definable continuous maps j : X X, 
such that for some F-definable deformation retraction H as in Theorem llU.l.l^ 
we have j{x) = H{ei,x). For j G J, let Sj = j(X), and Xj = Sj(F). Say that 
ji < 72 if Sj-^ C Sj.2- this case, jilSj^ is a deformation retract Sj^ — )■ S'j^; 
let VTj^jj be the induced map Xj^ — )■ X^j. It is a deformation retraction. This 
system is directed, i.e. given j and j' there exists j" with j,j' < j". To see 
this, given j and j', let aj : Sj — be a definable injective map, and let j" 
belong to a homotopy respecting ai, 0:2, cf. Remark ll0.1.2l (4). We have a natural 
surjective map tcj : Bf{X) — )■ Xj for each j, induced by the mapping j; it satisfies 
TTj j o 71 j = TTj for i < j and it is a deformation retraction. This yields a continuous 
and surjective map from 9 : Bf{X) — )■ |im X, . We now show that 6 is injective. 
Let p ^ q E Bf{X); view them as types almost orthogonal to F. For any open 
affine U and regular / on U, for some a, either a; ^ ?7 is in p or val(/) = a is in p; 
this is because p is almost orthogonal to F. Thus as p ^ q, for some open affine 
U and some regular / on U, either p E U and g ^ f/, or vice versa, ot p,q E U 
and for some regular / on U, f{x) = a E p, f{x) = P E q, with a p. Let H 
be as in Theorem 110. 1.11 respecting U and val(/), and let j be a corresponding 
retract. Then clearly TCj{p) 7^ Thus, 6' is a continuous bijection and by 

compactness it is a homeomorphism. □ 

Remark 13.1.10. Let S be (image of) the direct limit of the Xj's in Bf{X). 
Note that S contains all rigid points of Bf{X) (that is, images of simple points 
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under the mapping vr in Lemma I13.1.ip : this follows from Theorem 110.1. 11 by 
finding a homotopy to a skeleton Sx fixing a given simple point x of X. We are 
not certain whether E can be taken to be the whole of Bf{X). But given a stably 
dominated type p on X, letting Sp = Sx ioi x \= p and averaging the homotopies 
with image Sx over x \= p, we obtain a definable homotopy whose final image is a 
continuous, definable image of Sp. In this way we can express Bp{X) as a direct 
limit of a system of finite simplicial complexes, with continuous transition maps. 

13.2. Finitely many homotopy types. 

Theorem 13.2.1. Let X and Y he F-definable subsets of algebraic varieties de- 
fined over a valued field F. Let f : X ^ Y be an F-definable morphism that may 
be factored through a definable injection of X in Y x P™ for some m followed by 
projection to Y . 

(1) For h & Y , let X^ = f'^{b). Then there are finitely many possibilities for 
the homotopy type of Bp(^h){Xi,) , as b runs through Y . More generally, let 
U <Z X be F-definable. Then as b runs through Y there are finitely many 
possibilities for the homotopy type of the pair {BF(^b){Xh), Bp(^h){Xb H U)). 
Similarly for other data, such as definable functions into T. 

(2) For any valued field extension F < F' with T{F') < R, let f : Bf^{X) 
Bf'{Y) be the induced map, and Bpi[X)q = f^^{q) forq G Bf'{Y). Then 
there are only finitely many possibilities for the homotopy type of BF/{X)q 
as q runs over Bf/{Y) and F' over extensions of F. More generally, let 
U <Z X be F-definable. Then as q runs over Bf'{Y) and F' over extensions 
of F there are finitely many possibilities for the homotopy type of the pair 
{BF'{X)q, BF'{X)g n Bf'{U)). Similarly for other data, such as definable 
functions into T . 

Proof. In the more general statement, we may take X to be a complete variety. 
We thus assume X is complete. 

According to the uniform version of Theorem IIO.I.H Proposition 110. 7.H there 
exists an F-definable map W ^ Y with finite fibers W{h) over 6 G y, and 
uniformly in 6 G F an F(6)-definable homotopy retraction hb on Xi, preserving 
the given data, with final image Z;,, and an F(6)-definable homeomorphism 0b : 
Zfe — 7- 5*6 C V'^^^\ We may find, definably uniformly in 6, an F(6)-definable 
subset Tfo C rj^, an F(6)-definable set W\{h), and for w G a definable 

homeomorphism ip^ : Z}y ^ Th, such that Hj, = {ip~} o 'ipw '■ w,w' G W\{b)} 
is a group of homeomorphisms of Z^, and = {ip^' o : w,w' G W\{b)} 
is a group of homeomorphisms of T5. In fact for a fixed b, one can pick some 
Fr(6)-definable homeomorphism ipb of Zf, onto a definable subspace of FJ^; let 
Sf, = {ipw '■ w & Wi{b)} be the set of automorphic conjugates of ipb over F(6); and 
verify that Hb is a finite group, S;, is a principal torsor for Hb, and so i/^ is also a 
finite group (isomorphic to Hb). Thus, for a fixed b, one can do the construction 
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as stated, obtaining the stated properties. To achieve uniform definabihty in b 
we must renounce the fact that Ei, are automorphic conjugates, but the other 
properties are uniformly definable in b, hence by compactness and "glueing" we 
may find W\{b) and 3^ uniformly in b, with the required properties. In particular, 
there exists an F-definable map W\ ^ Y with fibers W\{b) over b 

By stable embeddedness of F, and elimination of imaginaries in F, we may write 
Tb = Tp(^h) where p : Y ^ F*" is a definable function. Let F* be an expansion of F 
to RCF. Then by Remark 113.2.21 (1). runs through finitely many F*-definable 
homeomorphism types as b runs through Y. Similarly, the pair {Th, H'j^ runs 
through finitely many F*-definable equivariant homeomorphism types (e.g. we 
may find an if^-invariant cellular decomposition of and describe the action 
combinatorially). In particular, for b E Y, {Th{M.),Hl) runs through finitely 
many homeomorphism types (i.e. isomorphism types of pairs {U, H) with U a 
topological space, H a finite group acting on U by auto-homeomorphisms) . 

By Corollary II 3 . 1 . 6 1 we have, for b eY, a deformation retraction of Bp(b){Xk) to 
BF{b){Zh)- Pick w e W[{b), and let W*{b) be the set of realizations of tp(w/F(6)). 
If w,w' G W*{b) then w' = a{w) for some automorphism a fixing F(6); we may 
take it to fix F too. It follows that o ip^, = o\Z\,. Conversely, if a is any 
automorphism of W\{b\ it may be extended by the identity on F, and it follows 
that ?/'^(^) =^yjOa\ so W*{\)) is a torsor of if*(6) = {^/^"^ o -.w^vo'e W*{b)], 
which is a group. Let //*(6) = ° 4'^^ : w,w' G W*{b)}. It follows that H^(b) 
is a group, and for any w G W*{b), ip^ induces a bijection Zb/H*{b) — )■ Tb/H^,{b); 
moreover it is the same bijection, i.e. it does not depend on the choice of w G 
W*{b). 

We are interested in the case: F(F(6)) = F(F) = M. In this case, since H*(b) 
acts by automorphisms over F(6), two if*(6)-conjugate elements of have the 
same image in Bp{i,){Xb)- On the other hand two non-conjugate elements have 
distinct images in Tb/H^{b), and so cannot have the same image in BF{b){Xb)- It 
follows that BF(^b){Zb), Zb{F{b))/ H*{b) and Tb(]R)/if*(6) are canonically isomor- 
phic. By compactness and definable compactness considerations one deduces that 
these isomorphisms between Bp(^b){Zb), Zb{F{b))/ H*{b) and Tb{^)/H^{b) are in 
fact homeomorphisms. It is only for this reason that we made X to be complete 
in the beginning of the proof. 

The number of possibilities for H^{b) is finite and bounded, since H'{b) is a 
group of finite size, bounded independently of b, and H^:{b) is a subgroup of 
H'{b). Since the number of equivariant homeomorphism types of {Tb{M.), H'{b)) 
is bounded, we are done with the first statement in (1). 

With the help of Corollary I13.1.6[ this proof goes through for non-simple 
Berkovich points too. Let q G Bf{Y), and view it as a type over F. By Corol- 
lary I13.1T6] (2), BF{X)q has the homotopy type of Zq. Let b \= q, pick w G W\{b) 
and let notation be as above. Let b' = {b,w) and let q' = tp(6, w/F). Let 
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X' = X Xy Wi. By Corollary 113.1.61 (2) applied to the puUback of the retraction 

/ X X/Y — i- X/Y to X'/W\, Bp{X')qi retracts to a space Zg/ which is homeomor- 
phic to T5(]R). By the same reasoning as above, it follows that Zg is homeomorphic 
to Zq/ modulo a certain subgroup H*{b) of H{b), and also homeomorphic to Tt 
modulo H^{b) for a certain subgroup of H'{b), so again the number of possibil- 
ities is bounded. This holds uniformly when F is replaced by any valued field 
extension, and the first statement in (2) follows. 

The proof goes through directly to provide the generalization to pairs and 
F- valued functions of (1) and (2). □ 

Remarks 13.2.2. (1) In the expansion of F to a real closed field, definable 
subsets of F^ are locally contractible and definably compact subsets of 
FJ^ admit a definable triangulation, compatible with any given definable 
partition into finitely many subsets. By taking the closure in case the sets 
are not compact, it follows that given a definable family of semi-algebraic 
subsets of M^, there exist a finite number of rational polytopes (with 
some faces missing), such that each member of the family is homeomor- 
phic to at least one such polytope. In particular the number of definable 
homotopy types is finite. In fact it is known that the number of definable 
homeomorphism types is finite. See [7], |29) . 
(2) Eleftheriou has shown [10] that there exist abelian groups interpretable 
in Th(Q, +, <) that cannot be definably, homeomorphically embedded in 
affine space within DOAG. By Proposition I6.3.6t the skeleta of abelian 
varieties can be so embedded. It would be good to bring out the additional 
structure they have that ensures this embedding. 

13.3. Tame topological properties for Bf{X). 

Theorem 13.3.1 (Local contractibility) . Let X be an F-definable subset of an 
algebraic variety V over a valued field F with val(F) C M.^. The space Bp{X) is 
locally contractible. 

Proof. We may assume V is affine. Since the topology of Bf{X) is generated 
by open subsets of the form Bf{X') with X' definable in X, it is enough to 
prove that every point x of Bp{X) admits a contractible neighborhood. By 
Theorem 110. 1.11 and Corollary 113. 1.6^ there exists a strong homotopy retraction 
H : I X Bp{X) — > Bp{X) with image a subset T which is homeomorphic to a 
semi-algebraic subset of some M". Denote by g the retraction Bp{X) — )■ T. By 
(4) in Theorem 110.1. H one may assume that g{H{t,x)) = g{x) for every t and x. 
Recall that any semi-algebraic subset Z of is locally contractible: one may 
assume Z is bounded, then its closure Z is compact and semi-algebraic and the 
statement follows from the existence of triangulations of Z compatible with the 
inclusion Z "-^ Z and having any given point of Z as vertex. Is is thus possible to 
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pick a contractible neighborhood U of g{x) in T. Since the set g ^{U) is invariant 
by the homotopy H, it retracts to U, hence is contractible. □ 

Remark 13.3.2. Berkovich proved in [1] and [5] local contractibility of smooth 
non-archimedean analytic spaces. His proof uses de Jong's results on alterations. 

Let us give another application of our results, in the spirit of a result of Poineau, 
[25] Theoreme 2, cf. also Abbes and Saito jT] 5.1. 

Theorem 13.3.3. Let X be an F-definable subset of a quasi- projective algebraic 
variety over a valued field F with val(F) C and let G : X Too be a definable 
map. Consider the corresponding map G : Bf{X) — )■ Mqo- Then there is a finite 
partition of Moo into intervals such that the fibers of G over each interval have 
the same homotopy type. Also, if one sets Bp{X)>^ to be the preimage of [e,oo], 
there exists a finite partition o/Moo if^to intervals such that for each interval I the 
inclusion Bf{X)>^ Bf{X)>s', fore > e' both in I, is a homotopy equivalence. 

Proof. Consider a strong homotopy retraction of X leaving the fibers of G invari- 
ant, as provided by Theorem 110. 1.11 By Corollary 1 1 3 . 1 . 6 1 it induces a retraction 
g of Bf{X) onto a subset T such that there exists a homeomorphism h : T ^ S 
with S a semi-algebraic subset of some MJ^. By construction G factors as G = go g 
with g a function S Mqo- Furthermore, we may assume that g' := ° g is 
a semi-algebraic function 5*. Thus, it is enough to prove that there is a finite 
partition of Moo into intervals such that the fibers of g' over each interval have 
the same homotopy type and that if S>e is the locus of g' > e, there exists a 
finite partition of Moo into intervals such that for each interval I the inclusion 
S>£ — )■ S>s', for e > e' both in /, is a homotopy equivalence. But such statements 
are well-known in o-minimal geometry, cf., e.g., [7] Theorem 5.22. □ 
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